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Introduction
So far, we had always one parameter set that was optimised (one “agent”)

• in RL, one agent modifies its internal structure (policy) to maximise its reward 
when interacting with the environment

• in supervised/unsupervised learning (e.g. NN, SVM, HMM), there is one set of 
objective parameters to be optimised

The paradigm of Evolutionary Algorithms (EA) is different

• we have a population of many parameter sets (“agents” in RL terminology) that 
learn collectively

• the parameter sets improve by search techniques based on an abstraction of 
biological evolution (“natural selection”)

• usually derivative-free optimisation is used: only make use of knowing how to 
evaluate the objective function
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Basic Example

NN1   NN2   NN3   NN4   NN5
  1        21       20      3        5

population of 5 neural networks
evaluate “fitness” scores

select fittest parents and generate 5 offsprings by
- mutation, e.g. add random noise to weights
- crossover, e.g. recombine two parents

Consider 5 neural networks with random weights, e.g. used for MNIST classification

return fittest candidate

NN6   NN7   NN8   NN9   NN10
  20      23      17      30       2

NN90   NN91   NN92   NN93   NN94
  33         77        45        89        53

new population of 5 neural networks
evaluate fitness scores

repeat steps
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Basic Idea

Initialisation

Population of 
candidate solutions

Parents

Offspring
Termination

Evaluation &
Parent Selection

Reproduction

Evaluation and
Selection of new 
population

1. Initialise population with random candidate solutions
2. Evaluate each candidate (in parallel) and assign (scalar) “fitness” scores
3. Repeat, until a termination condition is fulfilled

1. Select fittest candidates in the population for reproduction (parents)   
2. Reproduce new candidates (offspring) from parents
3. Evaluate the fitness of the offspring and select candidates for the new population

4. Return the fittest candidate 
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Fitness Landscapes

1.4 Problems in Optimization 57
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Figure 1.19: Different possible properties of fitness landscapes (minimization).

• optimisation algorithms are guided by objective 
functions 

• A function is “difficult” from a mathematical 
perspective if it is not continuous, not differentiable, 
or if it has multiple maxima and minima

[Weise: Global Optimisation Algorithm - Theory and Application]
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 Why EAs ?

• if the objective (fitness) function is multi-
modal/noisy/discontinuous
• a population of “agents” increases the 

probability to find the global optimum
• derivative-free optimisation methods are 

more robust to local optima (saddle 
points) than gradient-based methods

• if we know little about the objective 
function (little domain knowledge)
• in EA we only need to know how to 

evaluate the fitness function

• straightforward parallelisation

• conceptual simplicity

Rastrigin Function

scale of “all” problems

Evolutionary Algorithm

Random Search

problem tailored 
method (if possible)
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Branches of Evolutionary Algorithms

1. Genetic Algorithms (GA) (Holland 1975) 

• “binary” representation of candidate solutions 

2. Evolution Strategies (ES) (Schwefel 1973) 

• “real-valued” representation of candidate solutions

3. Genetic Programming (GP) (Cramer 1985)

• “tree (data structure)” representation of candidates

4. Evolutionary Programming (EP) (Fogel 1966)

• candidates represented by “finite state machines”

Focus of this lecture

“recent” works:

[arXiv: 1712.06567] Uber AI Lab: apply GA on policies with ~1 million weights

[arXiv: 1703.03864] Open AI Lab: apply ES on policies with ~1 million weights 
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Genetic Algorithms (GA)
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Genetic Algorithms (GA)

Initialisation

Population of 
candidate solutions

Parents

Offspring
Termination

Evaluation &
Parent Selection

Reproduction:
- Crossover
- Mutation

Evaluation and
Selection of new 
population

1. Initialise population with random candidate solutions
2. Evaluate each candidate (in parallel) and assign (scalar) “fitness” scores
3. Repeat, until a termination condition is fulfilled

1. Select fittest candidates in the population for reproduction (parents)   
2. Reproduce new candidates (offspring) from parents: Crossover, Mutation
3. Evaluate the fitness of the offspring and select candidates for the new population

4. Return the fittest candidate 
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Relationship with Biology
Representation

• a genome contains the complete genetic information of an individual
• a genome is a collection of chromosomes
• a chromosome is a string of genes (of fixed or variable length)
• a gene can take on a value, also called allele, from some specified alphabet

• binary alphabet: 0,1
• (infinite) alphabet of real numbers

• binary example: Lactase, the gene that splits milk sugar into simpler sugars for 
digestion is a gene. Lactose tolerance and intolerance are alleles of that gene.
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Relationship with Biology
• the genotype is the set of genes in our genome which is responsible for a particular trait 

• the phenotype is the physical expression, or characteristics, of that trait

• in general a genotype is a lower-level representation of the phenotype

• encoding: the mapping from phenotype to genotype 

• decoding: the mapping from genotype to phenotype  

• the genotype-phenotype mapping depends on (unknown) environmental factors and 
therefore does not represent a one-to-one correspondence (i.e. not bijective)

• “oversimplified” example: two individuals with the same genotype for ‘blue eye colour’ 
can have actually two different developed phenotypes, one individual might develop a 
“blue eye colour” and the other a “green eye colour”

Note on terminology usage in Machine Learning

• sometimes people in ML use the expressions genome, genotype, chromosome 
interchangeably and just want to refer to the parameter set of the model under 
consideration (the differences are not as important as in biological systems)
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Relationship with Biology
Consider the problem of finding good weights for a neural network for some task

• the set of weights for one neural network ca be regarded as a chromosome
• each single weight can be regarded as a gene

• the value of a weight can be regarded as an allele

• the neural network as a whole is regarded as the phenotype, it can interact with the 
environment, e.g. a RL agent playing a game

COOPERATIVE SYNAPSE NEUROEVOLUTION

observation

action

Neural Network

Algorithm
 Genetic fitness

Environment

Figure 1: Neuroevolution. Each chromosome is transformed into a neural network phenotype and
evaluated on the task. The agent receives input from the environment (observation) and
propagates it through its neural network to compute an output signal (action) that affects
the environment. At the end of the evaluation, the network is assigned a fitness according
to its performance. The networks that perform well on the task are mated to generate new
networks.

NE approaches differ primarily in how they encode neural network specifications into genetic
strings. Direct encoding schemes represent the parameters explicitly on the chromosome as binary
or real numbers that are mapped directly to the phenotype (Belew et al., 1991; Jefferson et al., 1991;
Moriarty, 1997; Gomez, 2003; Stanley and Miikkulainen, 2002). Indirect encodings operate at a
higher level of abstraction. Some simply provide a coarse description such as delineating a neuron’s
receptive field (Mandischer, 1993) or connective density (Harp et al., 1989), while others are more
algorithmic, providing growth rules in the form of graph generating grammars (Kitano, 1990; Voigt
et al., 1993; Gruau et al., 1996b). These schemes have the advantage that very large networks can
be represented without requiring large chromosomes. Our CoSyNE method is a direct encoding
method that does not evolve topology.

By searching the space of policies directly, NE can be applied to reinforcement learning prob-
lems without using a value function—neural network controllers map observations from the envi-
ronment directly to actions. This mapping is potentially powerful: neural networks are universal
function approximators that can generalize and tolerate noise. Networks with feedback connections
(i.e., recurrent networks) can maintain internal state extracted from a history of inputs, allowing
them to solve partially observable tasks. By evolving these networks instead of training them,
NE avoids the problem of vanishing error gradients that affect recurrent network learning algo-
rithms (Hochreiter et al., 2001). For NE to work, the environment need not satisfy any particular
constraints—it can be continuous and partially observable. All that concerns a NE system is that
the network representations be large enough to solve the task and that there is an effective way to
evaluate the relative quality of candidate solutions.

939

phenotype

population of 
genotypes

genotype-phenotype
mapping



Evolutionary AlgorithmsR. Malm �13

Selection Operator
How should we select parents to create offspring with high fitness ?

• the answer depends on the specific problem one is dealing with (heuristic)

• in general the selection methods are

• deterministic or stochastic

• with or without replacement
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Truncated Selection
• Main Idea: 

• select candidates based on their fitness ranking (deterministic)

• candidates are ordered by fitness values

• some proportion, p, (e.g. p = 1/2, 1/3, etc.), of the fittest candidates are then 
selected for reproduction

• Problem 

• weaker candidates have no chance of getting selected for recombination 

• this can lead to low diversity of candidates

• diversity is the variety and abundance of candidates at a given point in the 
search space and at a given time (generation)

• losing diversity means approaching a state where all the                       
candidates under investigation are similar to each other

• low diversity can imply that the candidates get                                                
stuck in a local optimum and miss the global optimum 

1.4 Problems in Optimization 57
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Figure 1.19: Different possible properties of fitness landscapes (minimization).

“too weak”
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Fitness Proportionate Selection
Fitness proportionate selection (also known as roulette wheel selection)

• main idea

– fitter candidates should have a higher chance of being selected (stochastic)

– the probability of being selected should be proportional to their fitness value

• given

– population of n candidates: P = {✓1,✓2, ...,✓n}
– each candidate is encoded by a chromosome (parameter set) ✓i with ✓i 2 Rd

– scalar fitness function f : Rd ! R

• the candidate’s probability of being selected is then given by

p(✓i) =
f (✓i)Pn
j=1 f (✓j)

, i = 1, ..., n

• scaling problem: If one individual has a very high fitness (outsider) compared to
the remaining candidates, then the high fitness candidate is almost always selected
for reproduction. This leads to low diversity.

<latexit sha1_base64="1Wab6jl/+kZ7P7q2RHJZ7y52f60="></latexit><latexit sha1_base64="1Wab6jl/+kZ7P7q2RHJZ7y52f60="></latexit><latexit sha1_base64="1Wab6jl/+kZ7P7q2RHJZ7y52f60="></latexit><latexit sha1_base64="1Wab6jl/+kZ7P7q2RHJZ7y52f60="></latexit>
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Linear Ranking Selection
Linear ranking selection

• main idea: calculate a new fitness value for each individual based on its ranking
position and then perform fitness proportionate selection with the new rank-based
fitness values

• sort the candidates by fitness: rank(✓highest fitness) = n and rank(✓lowest fitness) = 1

• assign a new fitness value to each candidate

f̂ (✓i) = 2� sp + 2 ⇤ (sp � 1)
rank(✓i)

n � 1

where sp 2 [1.0, 2.0] is called the selective pressure.

• the selection pressure sp is the degree to which the fitter individuals are selected

• the higher the selection pressure, the more the fitter individuals are selected

• the selective pressure should be high enough to converge quickly towards a high-
fitness candidate (global optimum), but not so high that we converge too soon
(premature convergence to a local optimum).

<latexit sha1_base64="wWVnCndBpefF60pUVDARLi5tEdA="></latexit><latexit sha1_base64="wWVnCndBpefF60pUVDARLi5tEdA="></latexit><latexit sha1_base64="wWVnCndBpefF60pUVDARLi5tEdA="></latexit><latexit sha1_base64="wWVnCndBpefF60pUVDARLi5tEdA="></latexit>
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Tournament Selection

• pseudocode

• let T be the tournament size (between 2 and the population size)

• select T candidates uniform randomly from the population and take the most fit 

as the tournament “winner” (deterministic)

• put the winner in the mating pool (with replacement)

• continue until enough individuals for mating have been found

• the larger T, the higher is the selective pressure

• individuals with good fitness values create more and more offspring whereas 
the chance of worse solution candidates to reproduce decreases.

• advantages

• absolute fitness values play no role (no scaling problem)

• each tournament can be implemented in parallel
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Reproduction

Generate new candidates (offspring) by mixing or altering the chromosomes of those 
members (parents) of the population that are selected for reproduction

• Crossover: a form of recombination, select alleles from two parent chromosomes to 

form two new offspring chromosomes

• Mutation: randomly perturb some of the alleles of a parent chromosome to form a 

new offspring chromosome
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 Crossover Operator  

0 1 0 0 0 1 0 0

0 1 0 0 0 1 0 0

1-point crossover:

2-point crossover:

0 1 0 1 1 0 1 1

0 1 0 1 1 1 0 0

parent A

parent B

child A

child B

parent A

parent B

child A

child B

splitting position is chosen uniform randomly

splitting positions are chosen uniform randomly

crossover rate = probability that the crossover operator will be 
    applied to an arbitrary candidate

1 0 0 1 1 0 1 1 1 0 0 0 0 1 0 0

1 0 0 1 1 0 1 1 1 0 0 0 0 0 1 1
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Mutation Operator

0  1  0  0  0  1  0  0

Binary Mutation:  

Real-valued Mutation: 

parent

child

-4.3  1.2  6.5  6.7  -0.3  0.1  0.8  -0.9parent

child

mutation rate = probability that an arbitrary bit of an arbitrary 
   candidate will be mutated 

add Gaussian noise, e.g. from N(0,1)

flip the bit

mutation position is chosen uniform randomly

mutation position is chosen uniform randomly

0  1  1  0  0  1  0  0

-4.3  1.2  6.5  6.7  -0.3  1.7  0.8  -0.9
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Example Behaviour in GA  
Initial population: candidate solutions are distributed throughout search space
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Example Behaviour in GA  
After some number of generations …
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Example Behaviour in GA  

After some more generations …
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Example Behaviour in GA  

Some more generations …
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Example Behaviour in GA  
All individuals look almost the same after many generations of reproduction 
(convergence to global optimum)
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Premature Convergence in GA

Here: Population converges too quickly and misses global optimum



Evolutionary AlgorithmsR. Malm �27

 Premature Convergence
How can we avoid premature convergence to local optima ?

• use larger population

• requires more evaluations and therefore takes longer to converge

• reduce selective pressure, i.e. make the search less greedy

• it could take much longer to converge

• increase the crossover/mutation rate

• this adds diversity but could also disrupt building blocks

There is a trade-off between selective pressure and diversity

• selective pressure should be high enough to converge quickly towards good 

solutions, but not so high that we converge too soon

• diversity should be high enough so that we are less likely to miss a good solution, 

but not so high that we don’t converge

• similar to exploitation/exploration tradeoff in reinforcement learning
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GA Examples
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Walking Robot with GA
[https://www.alanzucconi.com/2016/04/06/evolutionary-coputation-1/]

• goal: create a simple walking robot

• movement is performed by extending and contracting springs 

• for simplicity: the rotation angle s(t) (extension/contraction) of a leg follows a 

sinus wave with

• wave length p

• amplitude ranging from m to M

• shifted by a phase o

s(t) =
M − m

2 (1 + sin ((t + o)
2π
p ))

contraction: -1 extension: +1

https://www.alanzucconi.com/2016/04/06/evolutionary-coputation-1/
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Walking Robot with GA
• We have two legs and four parameters per leg. So, one candidate robot 

(phenotype) can be encoded by the tuple (chromosome):

                           (m1, M1, o1, p1, m2, M2, o2, p2)

• Mutation: randomly perturb one of the above parameters 

• How to define the fitness function (reward) ?

reward = the distance how 
far the robot travelled

reward = stay up reward = balance between  
distance and stay up
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GA in State-of-the Art RL
[arXiv: 1712.06567]

• goal: create an agent to play Atari games
• “genotype” = weights of the policy neural network (~ 4 million)

• “phenotype” = agent playing an Atari game

• GA can make use of massive parallelisation (next slide) 

• GA can be competitive on certain games with DQN, A3C 
especially in games with sparse rewards

Algorithm 1: Conceptual description of GA used in [arXiv:1712.06567]

1 initialise the first generation P (1) = {✓(1)
1 ,✓(1)

2 , ...,✓(1)
n } of size n

2 for each generation (g = 2, 3, ...,G) do
3 evaluate the fitness of each candidate in P (g�1) and sort in descending order
4 for each candidate (1, 2, ..., n) do
5 select one of the t (t < n) fittest candidates from P (g�1), call it ✓(g�1)

6 create o↵spring with Gaussian noise: ✓(g) = ✓(g�1) + ✏, ✏ ⇠ N(0, �)
7 add o↵spring ✓(g) to new generation P (g)

8 end
9 end

<latexit sha1_base64="7d6fmQ5+t3mR0oCu+dUnLdzU//0="></latexit><latexit sha1_base64="7d6fmQ5+t3mR0oCu+dUnLdzU//0="></latexit><latexit sha1_base64="7d6fmQ5+t3mR0oCu+dUnLdzU//0="></latexit><latexit sha1_base64="7d6fmQ5+t3mR0oCu+dUnLdzU//0="></latexit>
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GA in State-of-the Art RL
Genetic Algorithms Are a Competitive Alternative for Training Deep Neural Networks for Reinforcement Learning

DQN ES A3C RS GA GA
Frames 200M 1B 1B 1B 1B 6B
Time ⇠7-10d ⇠ 1h ⇠ 4d ⇠ 1h or 4h ⇠ 1h or 4h ⇠ 6h or 24h
Forward Passes 450M 250M 250M 250M 250M 1.5B
Backward Passes 400M 0 250M 0 0 0
Operations 1.25B U 250M U 1B U 250M U 250M U 1.5B U

amidar 978 112 264 143 263 377
assault 4,280 1,674 5,475 649 714 814
asterix 4,359 1,440 22,140 1,197 1,850 2,255
asteroids 1,365 1,562 4,475 1,307 1,661 2,700
atlantis 279,987 1,267,410 911,091 26,371 76,273 129,167
enduro 729 95 -82 36 60 80
frostbite 797 370 191 1,164 4,536 6,220
gravitar 473 805 304 431 476 764
kangaroo 7,259 11,200 94 1,099 3,790 11,254
seaquest 5,861 1,390 2,355 503 798 850
skiing -13,062 -15,443 -10,911 -7,679 †-6,502 †-5,541
venture 163 760 23 488 969 †1,422
zaxxon 5,363 6,380 24,622 2,538 6,180 7,864

Table 1. On Atari a simple genetic algorithm is competitive with Q-learning (DQN), policy gradients (A3C), and evolution strate-
gies (ES). Shown are game scores (higher is better). Comparing performance between algorithms is inherently challenging (see main
text), but we attempt to facilitate comparisons by showing estimates for the amount of computation (operations, the sum of forward and
backward neural network passes), data efficiency (the number of game frames from training episodes), and how long in wall-clock time
the algorithm takes to run. The ES, DQN, A3C, and GA (1B) perform best on 3, 3, 4, and 3 games, respectively. Surprisingly, random
search often finds policies superior to those of DQN, A3C, and ES (see text for discussion). Note the dramatic differences in the speeds
of the algorithm, which are much faster for the GA and ES, and data efficiency, which favors DQN. The scores for DQN are from Hessel
et al. (2017) while those for A3C and ES are from Salimans et al. (2017). For A3C, DQN, and ES, we cannot provide error bars because
they were not reported in the original literature; GA and random search error bars are visualized in (SI Fig. 3). The wall-clock times are
approximate because they depend on a variety of hard-to-control-for factors. We found the GA runs slightly faster than ES on average.
The † symbol indicates state of the art performance. GA 6B scores are bolded if best, but do not prevent bolding in other columns.

These examples and the success of RS versus DQN, A3C,
and ES suggest that many Atari games that seem hard based
on the low performance of leading deep RL algorithms may
not be as hard as we think, and instead that these algorithms
for some reason are performing poorly on tasks that are ac-
tually quite easy. These results further suggest that some-
times the best search strategy is not to follow the gradient,
but instead to conduct a dense search in a local neighbor-
hood and select the best point found, a subject we return to
in the discussion (Sec. 5).

4.2. Image Hard Maze

This experiment seeks to demonstrate a benefit of GAs
working at DNN scales, which is that algorithms that were
developed to improve GAs can be immediately taken off
the shelf to improve DNN training. The example algorithm
is Novelty search (NS), which is a popular evolutionary
method for exploration in RL (Lehman & Stanley, 2011a).

NS was originally motivated by the Hard Maze domain
(Lehman & Stanley, 2011a), which is a staple in the neu-

roevolution community. It demonstrates the problem of lo-
cal optima (aka deception) in reinforcement learning. In it,
a robot receives more reward the closer it gets to the goal
as the crow flies. The problem is deceptive because greed-
ily getting closer to the goal leads an agent to permanently
get stuck in one of the map’s deceptive traps (Fig. 1, Left).
Optimization algorithms that do not conduct sufficient ex-
ploration suffer this fate. NS solves this problem because
it ignores the reward and encourages agents to visit new
places (Lehman & Stanley, 2011a).

The original version of this problem involves only a few in-
puts (radar sensors to sense walls) and two continuous out-
puts for speed (forward or backward) and rotation, making
it solvable by small neural networks (tens of connections).
Because here we want to demonstrate the benefits of NS
at the scale of deep neural networks, we introduce a new
version of the domain called Image Hard Maze. Like many
Atari games, it shows a bird’s-eye view of the world to the
agent in the form of an 84 ⇥ 84 pixel image (Fig. 1, Left).
This change makes the problem easier in some ways (e.g.
now it is fully observable), but harder in others because it

[arXiv: 1712.06567]

sometimes it is worse to follow the gradient than sample locally in the parameter space
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Parallelisation in GA
[arXiv: 1712.06567]

• instead of transmitting the whole one-million dimensional parameter vector from one 
worker to the next worker, we only need to exchange the encoding seeds 

• consider 1000 generations with each 100 candidates

• exchange 100 x 1000 numbers (seeds) instead of 100 x 1 million numbers

• speed improvement of roughly O(1000)

• “With our GPU-enabled implementation, on one modern desktop we can train Atari in ~4 
hours or ~1 hour distributed on 720 cores”

Genetic Algorithms Are a Competitive Alternative for Training Deep Neural Networks for Reinforcement Learning
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Figure 2. Visual representation of the Deep GA encoding method. From a randomly initialized parameter vector ✓0 (produced by an
initialization function � seeded by ⌧0), the mutation function  (seeded by ⌧1) applies a mutation that results in ✓1. The final parameter
vector ✓g is the result of a series of such mutations. Recreating ✓g can be done by applying the mutation steps in the same order. Thus,
knowing the series of seeds ⌧0...⌧g that produced this series of mutations is enough information to reconstruct ✓g (the initialization and
mutation functions are deterministic). Since each ⌧ is small (here, 28 bits long), and the number of generations is low (order hundreds
or thousands), a large neural network parameter vector can be stored compactly.

The architecture has two 256-unit hidden layers with tanh
activation functions. This architecture is the one in the
configuration file included in the source code released by
Salimans et al. (2017). The architecture described in their
paper is similar, but smaller, having 64 neurons per layer
(Salimans et al., 2017). Although relatively shallow by
deep learning standards, and much smaller than the Atari
DNNs, this architecture still contains ⇠167k parameters,
which is orders of magnitude greater than the largest neu-
ral networks evolved for robotics tasks that we are aware
of, which contained 1,560 (Huizinga et al., 2016) and be-
fore that 800 parameters (Clune et al., 2011). Many as-
sumed evolution would fail at larger scales (e.g. networks
with hundreds of thousands or millions of weights, as in
this paper).

Previous work has called the Humanoid-v1 problem solved
with a score of ⇠6,000 (Salimans et al., 2017). The GA
achieves a median above that level after ⇠1,500 genera-
tions. However, it requires far more computation than ES
to do so (ES requires ⇠100 generations for median per-
formance to surpass the 6,000 threshold). It is not clear
why the GA requires so much more computation, espe-
cially given how quickly the GA found high-performing
policies in the Atari domain. It is also surprising that the
GA does not excel at this domain, given that GAs have per-
formed well in the past on robot control tasks (Clune et al.,
2011). While the GA needs far more computation in this
domain, it is interesting nevertheless that it does eventu-
ally solve it by producing an agent that can walk and score
over 6,000. Considering its very fast discovery of high-
performing solutions in Atari, clearly the GA’s advantage
versus other methods depends on the domain, and under-

standing this dependence is an important target for future
research.

DQN ES A3C RS 1B GA 1B GA 6B

DQN 6 6 3 6 7
ES 7 7 3 6 8
A3C 7 6 6 6 7
RS 1B 10 10 7 13 13
GA 1B 7 7 7 0 13
GA 6B 6 5 6 0 0

Table 4. Head-to-head comparison between algorithms on the
13 Atari games. Each value represents how many games for
which the algorithm listed at the top of a column produces a
higher score than the algorithm listed to the left of that row (e.g.
GA 6B beats DQN on 7 games).

7.6. The meaning of “frames”

Many papers, including ours, report the number of
“frames” used during training. However, it is a bit unclear
in the literature what is meant exactly by this term. We
hope to introduce some terminology that can lend clarity
to this confusing issue, which will improve reproducibility
and our ability to compare algorithms fairly. Imagine if the
Atari-emulator emitted 4B frames during training. We sug-
gest calling these “game frames.” One could sub-sample
every 4th frame (indeed, due to “frame skip”, most Atari
papers do exactly this, and repeat the previous action for
each skipped frame), resulting in 1B frames. We suggest
calling these 1B frames “training frames”, as these are the
frames the algorithm is trained on. In our paper we re-
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Holland’s Schema Theorem for GA
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Holland’s Schema Theorem

• Fundamental theorem of genetic algorithms

• Goal: provide a formal model for the effectiveness of the GA search process

• Assumptions for the GA 

• binary alphabet: 0,1

• chromosomes of fixed length (bit strings)

• fitness proportionate selection 

• recombination by single point crossover

• gene-wise mutation (bit flipping)

Some details taken from
[T. M. Mitchell: Machine Learning]
[Weise: Global Optimisation Algorithm - Theory and Application]



Evolutionary AlgorithmsR. Malm �36

A Schema
• A schema is a template that identifies a subset of strings with similarities at certain positions

• * is a wildcard symbol, which means that it can take either value 0 or 1 (don’t care)

• Example (length 3): schema  [1 * * ] implies the individuals

• [ 1 0 0 ]

• [ 1 1 0 ]

• [ 1 0 1 ]

• [ 1 1 1 ]

3.6 Schema Theorem 151

3.6.2 Wildcards

The second method of specifying such schemata is to use don’t care symbols (wildcards)
to create “blueprints” H of their member individuals. Therefore, we place the don’t care
symbol * at all irrelevant positions and the characterizing values of the property at the
others.

∀j ∈ 1..l⇒ H [j] =

{
g[j] if j ∈ mi

∗ otherwise
(3.7)

H [j] ∈ Σ ∪ {∗} ∀j ∈ 1..l (3.8)

(3.9)

We now can redefine the aforementioned schemata like: Aφ1=(0,0) ≡ H1 = (0, 0, ∗),
Aφ1=(0,1) ≡ H2 = (0, 1, ∗), Aφ1=(1,0) ≡ H3 = (1, 0, ∗), and Aφ1=(1,1) ≡ H4 = (1, 1, ∗). These
schemata mark hyperplanes in the search space G, as illustrated in Figure 3.8 for the three
bit genome. Schemas correspond to masks and thus, definitions like the defined length and
order can easily be transported into their context.

( , , )1 0 0( , , )0 0 0

( , , )1 1 0( , , )0 1 0

( , , )1 0 1( , , )0 0 1

( , , )1 1 1( , , )0 1 1

g1

g0

g2

H =( , , )2 0 1 *

H =( , , )1 0 0 *

H =( , , )3 1 0 *

H =( , , )4 1 1 *

H =( , , )5 1 * *

Figure 3.8: An example for schemata in a three bit genome.

3.6.3 Holland’s Schema Theorem

The Schema Theorem13 was defined by Holland [940] for genetic algorithms which use
fitness-proportionate selection (see Section 2.4.3 on page 124) where fitness is subject to
maximization [512, 945].

countOccurences(H,Pop)t+1 ≥
countOccurences(H,Pop)t ∗ v(H)t

vt
(1− p) (3.10)

where

1. countOccurences(H,Pop)t is the number of instances of a given schema defined by the
blueprint H in the population Pop of generation t,

13 http://en.wikipedia.org/wiki/Holland%27s_Schema_Theorem [accessed 2007-07-29]

[Weise: Global Optimisation Algorithm - Theory and Application]

• a schema like [ * 0 * ] contains less 

information than [ 0 0 * ]

• there are 3L possible schemas for bit 

strings of length L
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Notation and Definitions
• l , fixed length of each individual

• Pt , population at time t of size n (containing n individuals)

• o(s), the order of s, is the number of non “*” genes in schema s, e.g.

o([* * * 1 1 * 0]) = 3

• d(s), schema defining length, is the distance between first and last non “*” genes
in schema s, e.g.

d([* * * 1 1 * 0]) = 7� 4 = 3

• f (h), fitness score of some individual h 2 Pt

• m(s, t), number of instances of schema s in the population at time t
<latexit sha1_base64="gKeAwaV0EzS+tUmjMIuVS0iEtQQ="></latexit><latexit sha1_base64="gKeAwaV0EzS+tUmjMIuVS0iEtQQ="></latexit><latexit sha1_base64="gKeAwaV0EzS+tUmjMIuVS0iEtQQ="></latexit><latexit sha1_base64="gKeAwaV0EzS+tUmjMIuVS0iEtQQ="></latexit>
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Derivation

h1

h2
h3h4

h5

h6
h7h8

h9

• What is the goal ? Let us consider one particular schema s. We want to know if we
start with m instances of schema s in a population at time t, how many instances
of schema s survived in the next generation at time t + 1 ?

• What is the probability of selecting h 2 Pt via fitness proportional selection ? It is

p(h) =
f (h)P

h02Pt
f (h0)

=
f (h)

n f̄ (t)
, (1)

where f̄ (t) is the mean fitness of the entire population at time t.

• Suppose we have selected some arbitrary h 2 Pt according to (1), what is the
probability that h is an instance of some schema s ? It is

p(h 2 s) =
X

h2s\Pt

p(h) =

P
h2s\Pt

f (h)

n f̄ (t)
=

f̄ (s, t)

f̄ (t)

m(s, t)

n
,

where f̄ (s, t) is the average fitness of schema s at time t, and m(s, t) is the number
of instances of schema s in the population at time t.

<latexit sha1_base64="diOp2P9vAZBX/g1M66aGRQzU4nI="></latexit><latexit sha1_base64="diOp2P9vAZBX/g1M66aGRQzU4nI="></latexit><latexit sha1_base64="diOp2P9vAZBX/g1M66aGRQzU4nI="></latexit><latexit sha1_base64="diOp2P9vAZBX/g1M66aGRQzU4nI="></latexit>
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Derivation

• Actually, we are interested in the expected number of instances of schema s result-
ing from n independent selection steps (with replacement) that create the entire
generation at time step t + 1:

E[m(s, t + 1)] = n p(h 2 s) =
f̄ (s, t)

f̄ (t)
m(s, t) .

Thus, we can expect schemas with above average fitness to be represented with
increasing frequency in subsequent generations.

• But wait, what about crossover and mutations ?
<latexit sha1_base64="0F++o+NUg3TL8Bes/ZqwdkWtkPI="></latexit><latexit sha1_base64="0F++o+NUg3TL8Bes/ZqwdkWtkPI="></latexit><latexit sha1_base64="0F++o+NUg3TL8Bes/ZqwdkWtkPI="></latexit><latexit sha1_base64="0F++o+NUg3TL8Bes/ZqwdkWtkPI="></latexit>



Evolutionary AlgorithmsR. Malm �40

Crossover

s = [  *  1   0  *  * ]

      [  0  0  0   1  1]

[  *  1   0  1  1 ]

[  0  0  0   *   *]

e.g. d([* 1 0 * *])/(l-1) = 1/4

• Let us denote with pc the probability that the single-point crossover operator will
be applied to an arbitrary individual.

• Note, that even if the single-point crossover is applied on a parent belonging to
schema s it does not necessarily mean that the child is not anymore part of the
same schema s, e.g.

• In fact, the probability that the single-point crossover operator will be applied and
cuts the schema s is given by

pc
d(s)

l � 1
.

Schema with long defining length are more likely to be disrupted by single point
crossover than schema using short defining lengths.

• Consequently, the probability that the schema s survives the crossover step is
✓
1� pc

d(s)

l � 1

◆
.
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Mutation
• Mutation is applied gene by gene.

• Let us denote with pm the probability that an arbitrary bit of an arbitrary individual
will be mutated by the mutation operator.

• In order for schema s to survive, all non “*” genes in the schema must remain
unchanged

• When the “*” positions of a schema instance are mutated, the instance still belongs
to the same schema s

• Thus, the probability that a given instance of schema s will still belong to schema
s after the mutation step is given by

(1� pm)
o(s)
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Holland’s Schema Theorem
• Finally, the expected number of instances of schema s resulting from n independent
selection steps (with replacement) that create the entire generation at time step
t + 1 is given by

E[m(s, t + 1)] � f̄ (s, t)

f̄ (t)

✓
1� pc

d(s)

l � 1

◆
(1� pm)

o(s)

| {z }
↵(s,t)

m(s, t) . (1)

This lower bound means that a schema s with ↵(s, t) > 1 will on average increase
its instances in the next generation.

• how to achieve ↵(s, t) > 1 ?

– s must have above average fitness

– defined bits in s should be grouped, i.e. small schema-defining length d(s)

– s should contain a large number of “*” symbols, i.e. small order o(s)

• “The Schema Theorem says that short, low-order schemata with above-average
fitness increase in frequency in successive generations”

• Note, (1) neglects the probability that a string belonging to the schema s will be
created ”from scratch” by mutation of a single string (or crossover of two strings)
that did not belong to s in the previous generation. Therefore, (1) is an inequality.

<latexit sha1_base64="zzTxr23YmjpIMMYQoxMO7Lt8Lgo="></latexit><latexit sha1_base64="zzTxr23YmjpIMMYQoxMO7Lt8Lgo="></latexit><latexit sha1_base64="zzTxr23YmjpIMMYQoxMO7Lt8Lgo="></latexit><latexit sha1_base64="zzTxr23YmjpIMMYQoxMO7Lt8Lgo="></latexit>



Evolutionary AlgorithmsR. Malm �43

Holland’s Schema Theorem
Limitations

• The theorem fails to consider the positive effects of crossover and mutation

• The theorem makes no statement about that converging to a global optimum solution

• The theorem is described in terms of expectation, thus it is only valid if you perform an 

infinite number of “experiments” or if you let the population size increase to infinity. 

Otherwise the theorem is affected by sampling errors.

• The theorem makes only a statement about one generation step. Note, that the 

average-fitness of the population and of the schema is time-dependent, i.e. their ratio 

is not static (population drift). Consequently, the theorem cannot be generalised to 

multiple time steps.  

[some interesting read on the crossover-mutation debate: 
https://www-cs.stanford.edu/people/nuwans/docs/GA.pdf]

https://www-cs.stanford.edu/people/nuwans/docs/GA.pdf
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Evolution Strategies 
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Evolution Strategies (ES) 

Properties ES GA

objective parameters 
“genes”

real values binary values

mutation Gaussian noise bit-flip

parent selection uniform random various methods

recombination averaging crossover

what is evolved objective parameters and 
mutation parameters

objective 
parameters

• Note: this comparison is historical, nowadays properties can overlap for both types

• Key properties of Evolution Strategies

• recombination is done by averaging the parameters of parents

• mutation parameters can evolve (self-adapt their values)

• mutation is done by adding normally distributed values 



Evolutionary AlgorithmsR. Malm �46

Self-Adaptation (μ/ρ+,λ) ES Algorithm
• Each candidate a now contains objective (like in GA) and mutation (strategy)
parameters (d is the dimensionality of the search space):

a = ( ✓1, ✓2, ..., ✓d| {z }
objective parameters ✓

, �1, �2, ...,�d| {z }
mutation parameters �

)

The mutation parameter determines the amount of mutation which is applied to
the corresponding objective parameter.

• the meta-parameters of ES are described by the (µ/⇢+ ,�) notation

– µ is the number of parents in the parent population Pµ = {a1, a2, ..., aµ}
– ⇢ is the number of parents that are averaged to create one o↵spring

– � is the number of o↵spring in the o↵spring population P 0
� = {a01, a02, ..., a0�}

– “, ”: select new parents for next generation from o↵spring (requires � � µ)

– “ + ”: select new parents for next generation from o↵spring and previous
parents

• simple examples: population with one individual

– (1/1, 1): next generation always contains the o↵spring from the parent

– (1/1+1): next generation contains the more fit candidate (o↵spring or parent)
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Self-Adaptation (μ/ρ+,λ) ES Algorithm

Algorithm 1: (µ/⇢ +, �) Self-Adaptation Evolution Strategy Algorithm

1 initialise the first generation Pg=1
µ = {ag=1

1 , ag=1
2 , ..., ag=1

µ } and P� = {}
2 for each generation g = 2, 3, ...,G do
3 for each o↵spring (1, 2, ...,�) do
4 select uniform randomly ⇢ parents from Pg�1

µ

5 average the selected parents to form the candidate a = (✓,�)
6 adapt the mutation parameter � yielding the new value �0

7 mutate the objective parameter ✓ using �0 yielding the new value ✓0

8 add new o↵spring (✓0,�0) to o↵spring population P�

9 end
10 select µ candidates for next generation Pg

µ via truncated selection from either
11 - the o↵spring population P� (“µ/⇢,�” comma selection)
12 - the o↵springs P� and parents Pg�1

µ (“µ/⇢+ �” plus selection)
13 reset o↵spring population P� = {}
14 end
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Uncorrelated Mutation: Case 1

[Eiben, Smith: Introduction to Evolutionary Computation]

isotropically distributed mutations
• mutants on the circle have the same 

probability of being created from the parent 
in the centre

Uncorrelated mutation with 1 mutation parameter

• look at one mutation step of the (parent average) candidate (✓, �)

�0 = � exp(✏) , ✏ ⇠ N(0, ⌧)

✓0i = ✓i + ✏i , ✏i ⇠ N(0, �0), i = 1, ..., d

• ⌧ is the learning rate, typically ⌧ ⇠ 1/d1/2

• we impose the boundary rule that if �0 < ✏ then �0 = ✏,
where ✏ is some fixed threshold

• changing the mutation strength � allows for a self-tuning
of the mutation strength (� self-adaptation)
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Uncorrelated Mutation: Case 2

mutants on the ellipse have the same probability 
of being created from the parent in the centre

[Eiben, Smith: Introduction to Evolutionary Computation]

Uncorrelated mutation with d mutation parameters

• look at one mutation step of the (parent average) candidate (✓,�)

�0
i = �i exp(✏+ ✏0i) , ✏ ⇠ N(0, ⌧) , ✏0i ⇠ N(0, ⌧ 0),

✓0i = ✓i + ✏i , ✏i ⇠ N(0, �0
i), i = 1, ..., d

• two learning rates

– overall learning rate ⌧ ⇠ 1/d1/2

– coordinate-wise learning rate ⌧ 0 ⇠ 1/d1/4

• we impose the boundary rule that if �0 < ✏ then �0 = ✏,
where ✏ is some fixed threshold

• probability of mutation varies along the
coordinates of the ✓ space

<latexit sha1_base64="ZLUGLDl7PpvYex35YLctm1JC8FU="></latexit><latexit sha1_base64="ZLUGLDl7PpvYex35YLctm1JC8FU="></latexit><latexit sha1_base64="ZLUGLDl7PpvYex35YLctm1JC8FU="></latexit><latexit sha1_base64="ZLUGLDl7PpvYex35YLctm1JC8FU="></latexit>
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Correlated Mutation

[Eiben, Smith: Introduction to Evolutionary Computation]

Correlated mutation with a d ⇥ d covariance matrix C

• C is a real, symmetric, positive semi-definite matrix: C = RDRT with diagonal
positive semi-definite matrix D and orthogonal matrix R

• C can be parametrised by d standard deviations � = (�1, ...,�d) and k = d(d �
1)/2 rotation angles ↵ = (↵1, ...,↵k)

• look at one mutation step for the candidate (✓,�,↵)

�0
i = �i exp(✏+ ✏0i) , ✏ ⇠ N(0, ⌧), ✏0i ⇠ N(0, ⌧ 0)

↵0
i = ↵i + ✏i , ✏i ⇠ N(0, ⌧ 00), i = 1, ..., d

• we impose the same boundary rule as before

• two learning rates as before (⌧ and ⌧ 0) and additionally ⌧ 00

• create C0 from �0,↵0 and mutate objective parameters

✓0 = ✓ + ✏ , ✏ ⇠ N(0,C0)

• probability of mutation (variance) can vary along
any direction in the ✓ space

<latexit sha1_base64="AHJyRUnppjylyg8nV+qR7XVFHxQ="></latexit><latexit sha1_base64="AHJyRUnppjylyg8nV+qR7XVFHxQ="></latexit><latexit sha1_base64="AHJyRUnppjylyg8nV+qR7XVFHxQ="></latexit><latexit sha1_base64="AHJyRUnppjylyg8nV+qR7XVFHxQ="></latexit>
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ES Examples
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Covariance Matrix Adaptation (CMA) - ES

• one of the most popular gradient-free optimisation algorithms

• useful in particular on non-convex, non-separable, ill-conditioned, multi-modal or noisy 

objective functions

• considers the mean and covariance of the current candidates in the population and 

adapts them in direction towards the fittest candidates for the next generation

• belongs to the class of (µ/µw, λ) ES algorithms where all parents are averaged 

(weighted) before computing offsprings by mutation

• can be used when the search space dimensionality is less than ~1000 due to O(d^2) 

behaviour

[https://arxiv.org/abs/1604.00772]

https://arxiv.org/abs/1604.00772
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CMA-ES
Algorithm 1: Basic idea behind CMA-ES, see [arXiv:1604.00772] for details

1 initialise mean m(0) and covariance matrix C(0) = � 1
2 for each generation g = 1, 2, ...,G do
3 sample � o↵springs

✓(g)
i ⇠ m(g�1) + N(0,C(g�1)) for i = 1, 2, ...,�

4 select parents via truncated selection and average them

m(g) =
1

µ

µX

i=1

✓(g)
i :� ,

where ✓(g)
i :� denotes the i th-fittest o↵spring of generation g .

5 adapt the covariance matrix

C(g) =
1

µ

µX

i=1

(✓(g)
i :� �m(g�1)) (✓(g)

i :� �m(g�1))T

6 end
<latexit sha1_base64="FtggHxAdLHEDPpaPb9X+YkmhtbU="></latexit><latexit sha1_base64="FtggHxAdLHEDPpaPb9X+YkmhtbU="></latexit><latexit sha1_base64="FtggHxAdLHEDPpaPb9X+YkmhtbU="></latexit><latexit sha1_base64="FtggHxAdLHEDPpaPb9X+YkmhtbU="></latexit>
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CMA-ES
[https://arxiv.org/abs/1604.00772]How covariance adaptation works

C
(g+1)
µ

C
(g+1)
EMNAglobal

sampling estimation new distribution

Figure 3: Estimation of the covariance matrix on flinear(x) = −
∑2

i=1 xi to be minimized.
Contour lines (dotted) indicate that the strategy should move toward the upper right corner.
Above: estimation of C(g+1)

µ according to (12), where wi = 1/µ. Below: estimation of
C

(g+1)
EMNAglobal

according to (13). Left: sample of λ = 150 N (0, I) distributed points. Middle:
the µ = 50 selected points (dots) determining the entries for the estimation equation (solid
straight lines). Right: search distribution of the next generation (solid ellipsoids). Given wi =

1/µ, estimation via C(g+1)
µ increases the expected variance in gradient direction for all µ <

λ/2, while estimation via C(g+1)
EMNAglobal

decreases this variance for any µ < λ geometrically
fast

In (14), all generation steps have the same weight. To assign recent generations a higher
weight, exponential smoothing is introduced. ChoosingC(0) = I to be the unity matrix and a
learning rate 0 < cµ ≤ 1, then C(g+1) reads

C(g+1) = (1− cµ)C
(g) + cµ

1

σ(g)2
C(g+1)

µ

= (1− cµ)C
(g) + cµ

µ
∑

i=1

wi y
(g+1)
i:λ y

(g+1)
i:λ

T

, (15)

where

cµ ≤ 1 learning rate for updating the covariance matrix. For cµ = 1, no prior information is
retained andC(g+1) = 1

σ(g)2C
(g+1)
µ . For cµ = 0, no learning takes place andC(g+1) =

C(0). Here, cµ ≈ min(1, µeff/n2) is a reasonably choice.

w1...µ ∈ R such that w1 ≥ · · · ≥ wµ > 0 and
∑

iwi = 1.

12

estimates variance within
the selected population

(used)

(not used)

estimates variance of
the selected steps

sampling

sampling

new covariance matrix

new covariance matrix

https://arxiv.org/abs/1604.00772
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CMA-ES

[https://en.wikipedia.org/wiki/CMA-ES]

https://en.wikipedia.org/wiki/CMA-ES#
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ES with a Search Distribution

• So far, we have always discarded some fraction of the o↵spring, e.g. through
truncated selection

• Now, we would like to use the information from all o↵spring, including those with
smaller fitness

• We introduce a search distribution whose parameters ✓ are updated, e.g. a Gaussian
distribution with mean and variance

• The new “objective function” J(✓) is now the expected fitness under this search
distribution ⇡(z |✓)

J(✓) = Ez⇠⇡(z|✓)[f (z)] =

Z
f (z) ⇡(z |✓) dz ,

where f (z) is the original fitness function.

• Now, the core idea is to use search gradients to update the parameters ✓ of the
search distribution ⇡(z |✓)

<latexit sha1_base64="oPTq1p/OFnu1SwemeUJSJLBq7MM="></latexit><latexit sha1_base64="oPTq1p/OFnu1SwemeUJSJLBq7MM="></latexit><latexit sha1_base64="oPTq1p/OFnu1SwemeUJSJLBq7MM="></latexit><latexit sha1_base64="oPTq1p/OFnu1SwemeUJSJLBq7MM="></latexit>
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ES with a Search Distribution

[http://www.jmlr.org/papers/volume15/wierstra14a/wierstra14a.pdf]

Wierstra, Schaul, Glasmachers, Sun, Peters and Schmidhuber

order-preserving fitness transformations (Wierstra et al., 2008), Section 3.1), and adapta-
tion sampling which is a novel technique for adjusting learning rates online (Section 3.2).
We provide a novel formulation of NES for the whole class of multi-variate versions of distri-
butions with rotation symmetries (Section 3.3). As special cases we summarize techniques
for multivariate Gaussian search distributions, constituting the most common case (Sec-
tion 3.4). Finally, in Section 3.5, we develop the breadth of the framework, motivating its
usefulness and deriving a number of NES variants with di↵erent search distributions.

The ensuing experimental investigations show the competitiveness of the approach on a
broad range of benchmarks (Section 5). The paper ends with a discussion on the e↵ective-
ness of the di↵erent techniques and types of distributions and an outlook towards future
developments (Section 6).

2. Search Gradients

The core idea of Natural Evolution Strategies is to use search gradients (first introduced
in Berny, 2000, 2001) to update the parameters of the search distribution. We define the
search gradient as the sampled gradient of expected fitness. The search distribution can
be taken to be a multinormal distribution, but could in principle be any distribution for
which we can find derivatives of its log-density w.r.t. its parameters. For example, useful
distributions include Gaussian mixture models and the Cauchy distribution with its heavy
tail.

If we use ✓ to denote the parameters of density ⇡(z | ✓) and f(z) to denote the fitness
function for samples z, we can write the expected fitness under the search distribution as

J(✓) = E✓[f(z)] =

Z
f(z) ⇡(z | ✓) dz. (1)

The so-called ‘log-likelihood trick’ enables us to write

r✓J(✓) = r✓

Z
f(z) ⇡(z | ✓) dz

=

Z
f(z) r✓⇡(z | ✓) dz

=

Z
f(z) r✓⇡(z | ✓)

⇡(z | ✓)

⇡(z | ✓)
dz

=

Z h
f(z) r✓ log ⇡(z | ✓)

i
⇡(z | ✓) dz

= E✓ [f(z) r✓ log ⇡(z | ✓)] .

From this form we obtain the estimate of the search gradient from samples z1 . . . z� as

r✓J(✓) ⇡
1

�

�X

k=1

f(zk) r✓ log ⇡(zk | ✓), (2)

where � is the population size. This gradient on expected fitness provides a search direction
in the space of search distributions. A straightforward gradient ascent scheme can thus

952
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ES with a Search Distribution

Natural Evolution Strategies

iteratively update the search distribution

✓  ✓ + ⌘r✓J(✓),

where ⌘ is a learning rate parameter. Algorithm 1 provides the pseudocode for this very
general approach to black-box optimization by using a search gradient on search distribu-
tions.

Algorithm 1: Canonical Search Gradient algorithm
input: f , ✓init
repeat

for k = 1 . . .� do
draw sample zk ⇠ ⇡(·|✓)
evaluate the fitness f(zk)
calculate log-derivatives r✓ log ⇡(zk|✓)

end

r✓J  
1

�

�X

k=1

r✓ log ⇡(zk|✓) · f(zk)

✓  ✓ + ⌘ ·r✓J

until stopping criterion is met

Using the search gradient in this framework is similar to evolution strategies in that it
iteratively generates the fitnesses of batches of vector-valued samples—the ES’s so-called
candidate solutions. It is di↵erent however, in that it represents this ‘population’ as a
parameterized distribution, and in the fact that it uses a search gradient to update the
parameters of this distribution, which is computed using the fitnesses.

2.1 Search Gradient for Gaussian Distributions

In the case of the ‘default’ d-dimensional multi-variate normal distribution, the parameters
of the Gaussian are the mean µ 2 Rd (candidate solution center) and the covariance ma-
trix ⌃ 2 Rd⇥d (mutation matrix). Let ✓ denote these parameters: ✓ = hµ,⌃i. To sample
e�ciently from this distribution we need a square root of the covariance matrix, that is, a
matrix A 2 Rd⇥d fulfilling A>A = ⌃. Then z = µ +A>s transforms a standard normal
vector s ⇠ N (0, I) into a sample z ⇠ N (µ,⌃). Here, I = diag(1, . . . , 1) 2 Rd⇥d denotes the
identity matrix. Let

⇡(z | ✓) =
1

(
p
2⇡)d| det(A)|

· exp

✓
�
1

2

���A�1
· (z� µ)

���
2
◆

=
1p

(2⇡)d det(⌃)
· exp

✓
�
1

2
(z� µ)>⌃�1(z� µ)

◆

denote the density of the multinormal search distribution N (µ,⌃).
In order to calculate the derivatives of the log-likelihood with respect to individual

elements of ✓ for this multinormal distribution, first note that

log ⇡ (z|✓) = �
d

2
log(2⇡)�

1

2
log det⌃�

1

2
(z� µ)>⌃�1 (z� µ) .
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ES with a Search Distribution

Wierstra, Schaul, Glasmachers, Sun, Peters and Schmidhuber

We will need its derivatives, that is, rµ log ⇡ (z|✓) and r⌃ log ⇡ (z|✓). The first is trivially

rµ log ⇡ (z|✓) = ⌃�1 (z� µ) , (3)

while the latter is

r⌃ log ⇡ (z|✓) =
1

2
⌃�1 (z� µ) (z� µ)>⌃�1

�
1

2
⌃�1

. (4)

Using these derivatives to calculate r✓J , we can then update parameters ✓ = hµ,⌃i as ✓  
✓+⌘r✓J using learning rate ⌘. This produces a new center µ for the search distribution, and
simultaneously adapts its associated covariance matrix ⌃. To summarize, we provide the
pseudocode for following the search gradient in the case of a multinormal search distribution
in Algorithm 2.

Algorithm 2: Search Gradient algorithm: Multinormal distribution
input: f , µinit,⌃init

repeat
for k = 1 . . .� do

draw sample zk ⇠ N (µ,⌃)
evaluate the fitness f(zk)
calculate log-derivatives:
rµ log ⇡ (zk|✓) = ⌃�1 (zk � µ)

r⌃ log ⇡ (zk|✓) = �
1
2⌃

�1 + 1
2⌃

�1
(zk � µ) (zk � µ)>⌃�1

end

rµJ  
1
�

P�
k=1rµ log ⇡(zk|✓) · f(zk)

r⌃J  
1
�

P�
k=1r⌃ log ⇡(zk|✓) · f(zk)

µ µ+ ⌘ ·rµJ

⌃ ⌃+ ⌘ ·r⌃J

until stopping criterion is met

2.2 Limitations of Plain Search Gradients

As the attentive reader will have realized, there exists at least one major issue with applying
the search gradient as-is in practice: It is impossible to precisely locate a (quadratic) opti-
mum, even in the one-dimensional case. Let d = 1, ✓ = hµ,�i, and samples z ⇠ N (µ,�).
Equations (3) and (4), the gradients on µ and �, become

rµJ =
z � µ

�2
,

r�J =
(z � µ)2 � �

2

�3
,

and the updates, assuming simple hill-climbing (i.e., a population size � = 1) read:

µ  µ+ ⌘
z � µ

�2
,

�  � + ⌘
(z � µ)2 � �

2

�3
.
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Tradeoff ES and SGD 
Note

• ES optimises reward of a population of policies described by a probability 
distribution (a cloud in the search space)

• SGD optimises reward for a single policy (a point in the search space)
Image

• traditional finite differences (gradient descent) cannot cross a narrow gap of low 
fitness while ES easily crosses it to find higher fitness on the other side

[https://eng.uber.com/deep-neuroevolution/]

https://eng.uber.com/deep-neuroevolution/


Evolutionary AlgorithmsR. Malm �61

Tradeoff ES and SGD

[https://eng.uber.com/deep-neuroevolution/]

Image
• ES stalls as a path of high fitness narrows, while traditional finite differences 

(gradient descent) traverses the same path with no problem, illustrating along 
with the previous video the distinction and trade-offs between the two different 
approaches.

https://eng.uber.com/deep-neuroevolution/
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ES in State-of-the Art RL
[arXiv: 1703.03864]

• shows that ES can be competitive with Q-learning/PG methods in RL in certain 
environments

• parameter space has roughly 1 million dimensions (policy network weights)

• make use of massive parallelisation 

set E✓⇠p F (✓) = E✏⇠N(0,I) F (✓ + �✏). With this setup, our stochastic objective can be viewed as
a Gaussian-blurred version of the original objective F , free of non-smoothness introduced by the
environment or potentially discrete actions taken by the policy. Further discussion on how ES and
policy gradient methods cope with non-smoothness can be found in section 3.

With our objective defined in terms of ✓, we optimize over ✓ directly using stochastic gradient ascent
with the score function estimator:

r✓ E✏⇠N(0,I) F (✓ + �✏) =
1

�
E✏⇠N(0,I) {F (✓ + �✏) ✏}

which can be approximated with samples. The resulting algorithm (1) repeatedly executes two phases:
1) Stochastically perturbing the parameters of the policy and evaluating the resulting parameters by
running an episode in the environment, and 2) Combining the results of these episodes, calculating a
stochastic gradient estimate, and updating the parameters.

Algorithm 1 Evolution Strategies
1: Input: Learning rate ↵, noise standard deviation �, initial policy parameters ✓0
2: for t = 0, 1, 2, . . . do

3: Sample ✏1, . . . ✏n ⇠ N (0, I)
4: Compute returns Fi = F (✓t + �✏i) for i = 1, . . . , n
5: Set ✓t+1  ✓t + ↵ 1

n�

Pn
i=1 Fi✏i

6: end for

2.1 Scaling and parallelizing ES

ES is well suited to be scaled up to many parallel workers: 1) It operates on complete episodes, thereby
requiring only infrequent communication between workers. 2) The only information obtained by each
worker is the scalar return of an episode: if we synchronize random seeds between workers before
optimization, each worker knows what perturbations the other workers used, so each worker only
needs to communicate a single scalar to and from each other worker to agree on a parameter update.
ES thus requires extremely low bandwidth, in sharp contrast to policy gradient methods, which
require workers to communicate entire gradients. 3) It does not require value function approximations.
RL with value function estimation is inherently sequential: To improve upon a given policy, multiple
updates to the value function are typically needed to get enough signal. Each time the policy is
significantly changed, multiple iterations are necessary for the value function estimate to catch up.

A simple parallel version of ES is given in Algorithm 2. The main novelty here is that the algo-
rithm makes use of shared random seeds, which drastically reduces the bandwidth required for
communication between the workers.

Algorithm 2 Parallelized Evolution Strategies
1: Input: Learning rate ↵, noise standard deviation �, initial policy parameters ✓0
2: Initialize: n workers with known random seeds, and initial parameters ✓0
3: for t = 0, 1, 2, . . . do

4: for each worker i = 1, . . . , n do

5: Sample ✏i ⇠ N (0, I)
6: Compute returns Fi = F (✓t + �✏i)
7: end for

8: Send all scalar returns Fi from each worker to every other worker
9: for each worker i = 1, . . . , n do

10: Reconstruct all perturbations ✏j for j = 1, . . . , n using known random seeds
11: Set ✓t+1  ✓t + ↵ 1

n�

Pn
j=1 Fj✏j

12: end for

13: end for

In practice, we implement sampling by having each worker instantiate a large block of Gaussian
noise at the start of training, and then perturbing its parameters by adding a randomly indexed subset
of these noise variables at each iteration. Although this means that the perturbations are not strictly

3
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ES in State-of-the Art RL
MuJoCo tasks with objective to move forward

ES (orange) can reach a comparable performance to TRPO (blue)
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ES in State-of-the Art RL
ment or policy, or may only be available as high-variance estimates because the environment usually
can only be accessed via sampling. Explicitly, suppose we wish to solve general decision problems
that give a return R(a) after we take a sequence of actions a = {a1, . . . , aT }, where the actions are
determined by a either a deterministic or a stochastic policy function at = ⇡(s; ✓). The objective we
would like to optimize is thus

F (✓) = R(a(✓)).

Since the actions are allowed to be discrete and the policy is allowed to be deterministic, F (✓)
can be non-smooth in ✓. More importantly, because we do not have explicit access to the under-
lying state transition function of our decision problems, the gradients cannot be computed with
a backpropagation-like algorithm. This means we cannot directly use standard gradient-based
optimization methods to find a good solution for ✓.

In order to both make the problem smooth and to have a means of to estimate its gradients, we need
to add noise. Policy gradient methods add the noise in action space, which is done by sampling the
actions from an appropriate distribution. For example, if the actions are discrete and ⇡(s; ✓) calculates
a score for each action before selecting the best one, then we would sample an action a(✏, ✓) (here ✏ is
the noise source) from a categorical distribution over actions at each time period, applying a softmax
to the scores of each action. Doing so yields the objective FPG(✓) = E✏ R(a(✏, ✓)), with gradients

r✓FPG(✓) = E✏ {R(a(✏, ✓))r✓ log p(a(✏, ✓); ✓)} .

Evolution strategies, on the other hand, add the noise in parameter space. That is, they perturb the
parameters as ✓̃ = ✓ + ⇠, with ⇠ from a multivariate Gaussian distribution, and then pick actions
as at = a(⇠, ✓) = ⇡(s; ✓̃). It can be interpreted as adding a Gaussian blur to the original objective,
which results in a smooth, differentiable cost FES(✓) = E⇠ R(a(⇠, ✓)), this time with gradients

r✓FES(✓) = E⇠

n
R(a(⇠, ✓))r✓ log p(✓̃(⇠, ✓); ✓)

o
.

The two methods for smoothing the decision problem are thus quite similar, and can be made even
more so by adding noise to both the parameters and the actions.

3.1 When is ES better than policy gradients?

Given these two methods of smoothing the decision problem, which should we use? The answer
depends strongly on the structure of the decision problem and on which type of Monte Carlo
estimator is used to estimate the gradients r✓FPG(✓) and r✓FES(✓). Suppose the correlation
between the return and the individual actions is low (as is true for any hard RL problem). Assuming
we approximate these gradients using simple Monte Carlo (REINFORCE) with a good baseline on
the return, we have

Var[r✓FPG(✓)] ⇡ Var[R(a)] Var[r✓ log p(a; ✓)],

Var[r✓FES(✓)] ⇡ Var[R(a)] Var[r✓ log p(✓̃; ✓)].

If both methods perform a similar amount of exploration, Var[R(a)] will be similar for both ex-
pressions. The difference will thus be in the second term. Here we have that r✓ log p(a; ✓) =PT

t=1 r✓ log p(at; ✓) is a sum of T uncorrelated terms, so that the variance of the policy gradi-
ent estimator will grow nearly linearly with T . The corresponding term for evolution strategies,
r✓ log p(✓̃; ✓), is independent of T . Evolution strategies will thus have an advantage compared to
policy gradients for long episodes with very many time steps. In practice, the effective number of
steps T is often reduced in policy gradient methods by discounting rewards. If the effects of actions
are short-lasting, this allows us to dramatically reduce the variance in our gradient estimate, and
this has been critical to the success of applications such as Atari games. However, this discounting
will bias our gradient estimate if actions have long lasting effects. Another strategy for reducing the
effective value of T is to use value function approximation. This has also been effective, but once
again runs the risk of biasing our gradient estimates. Evolution strategies is thus an attractive choice
if the effective number of time steps T is long, actions have long-lasting effects, and if no good value
function estimates are available.

5

Smoothing in parameter space versus smoothing in action space

[arXiv: 1703.03864]
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ment or policy, or may only be available as high-variance estimates because the environment usually
can only be accessed via sampling. Explicitly, suppose we wish to solve general decision problems
that give a return R(a) after we take a sequence of actions a = {a1, . . . , aT }, where the actions are
determined by a either a deterministic or a stochastic policy function at = ⇡(s; ✓). The objective we
would like to optimize is thus

F (✓) = R(a(✓)).

Since the actions are allowed to be discrete and the policy is allowed to be deterministic, F (✓)
can be non-smooth in ✓. More importantly, because we do not have explicit access to the under-
lying state transition function of our decision problems, the gradients cannot be computed with
a backpropagation-like algorithm. This means we cannot directly use standard gradient-based
optimization methods to find a good solution for ✓.

In order to both make the problem smooth and to have a means of to estimate its gradients, we need
to add noise. Policy gradient methods add the noise in action space, which is done by sampling the
actions from an appropriate distribution. For example, if the actions are discrete and ⇡(s; ✓) calculates
a score for each action before selecting the best one, then we would sample an action a(✏, ✓) (here ✏ is
the noise source) from a categorical distribution over actions at each time period, applying a softmax
to the scores of each action. Doing so yields the objective FPG(✓) = E✏ R(a(✏, ✓)), with gradients

r✓FPG(✓) = E✏ {R(a(✏, ✓))r✓ log p(a(✏, ✓); ✓)} .

Evolution strategies, on the other hand, add the noise in parameter space. That is, they perturb the
parameters as ✓̃ = ✓ + ⇠, with ⇠ from a multivariate Gaussian distribution, and then pick actions
as at = a(⇠, ✓) = ⇡(s; ✓̃). It can be interpreted as adding a Gaussian blur to the original objective,
which results in a smooth, differentiable cost FES(✓) = E⇠ R(a(⇠, ✓)), this time with gradients

r✓FES(✓) = E⇠

n
R(a(⇠, ✓))r✓ log p(✓̃(⇠, ✓); ✓)

o
.

The two methods for smoothing the decision problem are thus quite similar, and can be made even
more so by adding noise to both the parameters and the actions.

3.1 When is ES better than policy gradients?

Given these two methods of smoothing the decision problem, which should we use? The answer
depends strongly on the structure of the decision problem and on which type of Monte Carlo
estimator is used to estimate the gradients r✓FPG(✓) and r✓FES(✓). Suppose the correlation
between the return and the individual actions is low (as is true for any hard RL problem). Assuming
we approximate these gradients using simple Monte Carlo (REINFORCE) with a good baseline on
the return, we have

Var[r✓FPG(✓)] ⇡ Var[R(a)] Var[r✓ log p(a; ✓)],

Var[r✓FES(✓)] ⇡ Var[R(a)] Var[r✓ log p(✓̃; ✓)].

If both methods perform a similar amount of exploration, Var[R(a)] will be similar for both ex-
pressions. The difference will thus be in the second term. Here we have that r✓ log p(a; ✓) =PT

t=1 r✓ log p(at; ✓) is a sum of T uncorrelated terms, so that the variance of the policy gradi-
ent estimator will grow nearly linearly with T . The corresponding term for evolution strategies,
r✓ log p(✓̃; ✓), is independent of T . Evolution strategies will thus have an advantage compared to
policy gradients for long episodes with very many time steps. In practice, the effective number of
steps T is often reduced in policy gradient methods by discounting rewards. If the effects of actions
are short-lasting, this allows us to dramatically reduce the variance in our gradient estimate, and
this has been critical to the success of applications such as Atari games. However, this discounting
will bias our gradient estimate if actions have long lasting effects. Another strategy for reducing the
effective value of T is to use value function approximation. This has also been effective, but once
again runs the risk of biasing our gradient estimates. Evolution strategies is thus an attractive choice
if the effective number of time steps T is long, actions have long-lasting effects, and if no good value
function estimates are available.

5
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Recap: Evolutionary Algorithms
Advantages

• derivative-free optimisation method (no gradient required)

• the fitness function can be noisy and non-smooth 

• optimisation is more robust to local minima (saddle points) than gradient-based 
methods

• only requires to know how to evaluate the objective function (fitness)

• required for problems with little domain knowledge

• straightforward parallelisation of computing the fitness score for each candidate

• conceptual simplicity (flexible to adapt to specific problems)

Limitations

• if we know more about the objective function, than just how to compute it, then we 
can make use of this information, and construct an algorithm that performs better, 
e.g. using gradient information 
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 Topics 

• Natural Search Gradient

• Compressed Network Search

• Evolution of Neural Network Topologies
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Stochastic Variational Optimisation

Figure 1: The original function f(µ) is plot-
ted in black. The upper bound function U(µ)
is plotted for �2 = 100, 20, 5, resulting in
the red, magenta and blue curves. As �2 re-
duces, U(µ) becomes an increasingly good
approximation to f(µ).

2 Stochastic Variational Optimization

Variational Optimization is based on the simple observation
min
x

f(x)  E[f(x)]p(x|✓) (1)

where ✓ is a set of continuous parameters of the variational distribution p. That is, the minimum of a
collection of values is always less than their average. By defining

U(✓) = E[f(x)]p(x|✓) (2)

Instead of minimizing f with respect to x, we can minimize the upper bound U with respect to ✓. In
the original VO work [5] the focus was on forming a differentiable upper bound for non-differentiable
f or discrete x.

For example, using a Gaussian distribution with mean µ and covariance �2I for the variational p(x|✓),
as a function of the mean µ, the upper bound can be written

U(µ) = E[f(µ+ �z)]N(0,I) (3)

Assuming f is smooth and expanding to second order around µ, we obtain

U(µ) = f(µ) +
�2

2
trace (H) +O(�4) (4)

where trace (H) is the trace of the Hessian of f evaluated at µ. This means that, for local minima in
µ, U(µ) lies above f(µ); hence U is an upper bound on not just the global minimum of f(µ), but
also any local minima. Note that, this does not mean that U(µ) � f(µ) for all µ. However, any
minimum of f is below U and any maximum is above U (since at that point trace (H) is negative).
See Figure 1.

The gradient of the upper bound can be computed by any standard means. However, it is interesting
to express it as

@U

@✓
= E


f(x)

@

@✓
log p(x|✓)

�

p(x|✓)
(5)

which is reminiscent of the ‘reinforce’ algorithm [6].

There is a connection to evolutionary computation (more precisely Estimation of Distribution Algo-
rithms [7, 8]) if the expectation with respect to p(x|✓) is performed using sampling. In this case one
can draw samples x1, . . . , xS from p(x|✓) and form an unbiased approximation to the upper bound
gradient

@U

@✓
⇡

1

S

X

s

f(xs)
@

@✓
log p(xs

|✓) (6)

We call this approach Stochastic Variational Optimization (SVO). The ‘evolutionary’ connection is
that the samples xs can be thought of as ‘swarm members’ that are used to estimate the gradient.

A special case of VO is to use a Gaussian with the variational parameter ✓ being the Gaussian mean
µ so that (the multivariate setting follows similarly)

U(µ) =
1

p

2⇡�2

Z
e�

1
2�2 (x�µ)2f(x)dx (7)
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We will need its derivatives, that is, rµ log ⇡ (z|✓) and r⌃ log ⇡ (z|✓). The first is trivially

rµ log ⇡ (z|✓) = ⌃�1 (z� µ) , (3)

while the latter is

r⌃ log ⇡ (z|✓) =
1

2
⌃�1 (z� µ) (z� µ)>⌃�1

�
1

2
⌃�1

. (4)

Using these derivatives to calculate r✓J , we can then update parameters ✓ = hµ,⌃i as ✓  
✓+⌘r✓J using learning rate ⌘. This produces a new center µ for the search distribution, and
simultaneously adapts its associated covariance matrix ⌃. To summarize, we provide the
pseudocode for following the search gradient in the case of a multinormal search distribution
in Algorithm 2.

Algorithm 2: Search Gradient algorithm: Multinormal distribution
input: f , µinit,⌃init

repeat
for k = 1 . . .� do

draw sample zk ⇠ N (µ,⌃)
evaluate the fitness f(zk)
calculate log-derivatives:
rµ log ⇡ (zk|✓) = ⌃�1 (zk � µ)

r⌃ log ⇡ (zk|✓) = �
1
2⌃

�1 + 1
2⌃

�1
(zk � µ) (zk � µ)>⌃�1

end

rµJ  
1
�

P�
k=1rµ log ⇡(zk|✓) · f(zk)

r⌃J  
1
�

P�
k=1r⌃ log ⇡(zk|✓) · f(zk)

µ µ+ ⌘ ·rµJ

⌃ ⌃+ ⌘ ·r⌃J

until stopping criterion is met

2.2 Limitations of Plain Search Gradients

As the attentive reader will have realized, there exists at least one major issue with applying
the search gradient as-is in practice: It is impossible to precisely locate a (quadratic) opti-
mum, even in the one-dimensional case. Let d = 1, ✓ = hµ,�i, and samples z ⇠ N (µ,�).
Equations (3) and (4), the gradients on µ and �, become

rµJ =
z � µ

�2
,

r�J =
(z � µ)2 � �

2

�3
,

and the updates, assuming simple hill-climbing (i.e., a population size � = 1) read:

µ  µ+ ⌘
z � µ

�2
,

�  � + ⌘
(z � µ)2 � �

2

�3
.
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• The new “objective function” J(✓) is the expectation of the original fitness function
f (z) under the search distribution ⇡(z |✓). The gradient is given by:

r✓J(✓) = r✓Ez⇠⇡(z|✓)[f (z)] =

Z
f (z)r✓⇡(z |✓) dz .
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Figure 1: Left: Schematic illustration of how the search distribution adapts in the one-
dimensional case: from (1) to (2), µ is adjusted to make the distribution cover
the optimum. From (2) to (3), � is reduced to allow for a precise localization
of the optimum. The step from (3) to (1) then is the problematic case, where
a small � induces a largely overshooting update, making the search start over
again. Right: Progression of µ (black) and � (red, dashed) when following the
search gradient towards minimizing f(z) = z2, executing Algorithm 2. Plotted
are median values over 1000 runs, with a small learning rate ⌘ = 0.01 and � = 10,
both of which mitigate the instability somewhat, but still show the failure to
precisely locate the optimum (for which both µ and � need to approach 0).

For any objective function f that requires locating an (approximately) quadratic optimum
with some degree of precision (e.g., f(z) = z2), � must decrease, which in turn increases the
variance of the updates, as �µ /

1
� and �� /

1
� for a typical sample z. In fact, the updates

become increasingly unstable, the smaller � becomes, an e↵ect which a reduced learning
rate or an increased population size can only delay but not avoid. Figure 1 illustrates this
e↵ect. Conversely, whenever � � 1 is large, the magnitude of a typical update is severely
reduced.

Clearly, this update is not at all scale-invariant : Starting with � � 1 makes all updates
minuscule, whereas starting with � ⌧ 1 makes the first update huge and therefore unstable.

This e↵ect need not occur in gradient-based search in general. Here it is rather a
consequence of the special situation that the gradient controls both position and variance
of a distribution over the same search space dimension. Note that this situation is generic for
all translation and scale-invariant families of search distributions. We conjecture that this
limitation constitutes one of the main reasons why search gradients have not been developed
before: typically, with a naive parameterization, the plain search gradient’s performance
can be both unstable and unsatisfying; however, the natural gradient extension (introduced
in Section 2.3) tackles these issues, and renders search gradients into a viable optimization
method by making updates invariant with respect to the particular parameterization used.
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Optimize f(z) = z2

• Consider the 1-dimensional Gaussian case, with ✓ = (µ, �), and samples z ⇠
N(µ, �). The gradients on µ and � become

rµ log ⇡(z |✓) =
z � µ

�2
, r� log ⇡(z |✓) =

(z � µ)2 � �2

�3
.

• The gradient updates, assuming simple hill-climbing (population size � = 1), read

µ µ+ ⌘
z � µ

�2
f (z), �  � + ⌘

(z � µ)2 � �2

�3
f (z) .
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• The plain gradient r✓J(✓) simply follows the steepest ascent in the space of the
parameters ✓ (search space):

max
�✓

J(✓ + �✓) ⇡ J(✓) + �✓Tr✓J(✓) s.t. k�✓k = ✏ (1)

• For a small step-size ✏ > 0, following r✓J(✓) yields a new distribution with param-
eters chosen from a hypersphere of radius ✏ and centre ✓ that maximises J(✓).

• The Euclidean distance in parameter space is used to measure the distance between
subsequent distributions.

• This makes the update dependent on the parameterisation of the distribution, a
change of parameterisation leads to di↵erent gradients and di↵erent updates.
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2.3 Using the Natural Gradient

Instead of using the plain stochastic gradient for updates, NES follows the natural gradient.
The natural gradient was first introduced into the field of machine learning by Amari in
1998, and has been shown to possess numerous advantages over the plain gradient (Amari,
1998; Amari and Douglas, 1998). Natural gradients help mitigate the slow convergence of
plain gradient ascent in optimization landscapes with ridges and plateaus.

The plain gradient rJ simply follows the steepest ascent in the space of the actual
parameters ✓ of the distribution. This means that for a given small step-size ", following
it will yield a new distribution with parameters chosen from the hypersphere of radius ✏

and center ✓ that maximizes J . In other words, the Euclidean distance in parameter space
is used to measure the distance between subsequent distributions. Clearly, this makes the
update dependent on the particular parameterization of the distribution, therefore a change
of parameterization leads to di↵erent gradients and di↵erent updates. See also Figure 2 for
an illustration of how this e↵ectively renormalizes updates w.r.t. uncertainty.

The key idea of the natural gradient is to remove this dependence on the parameter-
ization by relying on a more ‘natural’ measure of distance D(✓0||✓) between probability
distributions ⇡ (z|✓) and ⇡ (z|✓0). One such natural distance measure between two proba-
bility distributions is the Kullback-Leibler divergence (Kullback and Leibler, 1951). The
natural gradient can then be formalized as the solution to the constrained optimization
problem

max
�✓

J (✓ + �✓) ⇡ J (✓) + �✓
>
r✓J,

s.t. D (✓ + �✓||✓) = ", (5)

where J (✓) is the expected fitness of Equation (1), and " is a small increment size. Now,
we have for lim �✓ ! 0,

D (✓ + �✓||✓) =
1

2
�✓

>F (✓) �✓,

where

F =

Z
⇡ (z|✓)r✓ log ⇡ (z|✓)r✓ log ⇡ (z|✓)> dz

= E
h
r✓ log ⇡ (z|✓)r✓ log ⇡ (z|✓)>

i

is the Fisher information matrix of the given parametric family of search distributions.
The solution to the constrained optimization problem in Equation (5) can be found using
a Lagrangian multiplier (Peters, 2007), yielding the necessary condition

F�✓ = �r✓J,

for some constant � > 0. The direction of the natural gradient er✓J is given by �✓ thus
defined. If F is invertible,1 the natural gradient amounts to

er✓J = F�1
r✓J(✓).

1. Care has to be taken because the Fisher matrix estimate may not be (numerically) invertible even if the
exact Fisher matrix is.
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The Fisher matrix can be estimated from samples, reusing the log-derivatives r✓ log ⇡(z|✓)
that we already computed for the gradient r✓J . Then, updating the parameters following
the natural gradient instead of the steepest gradient leads us to the general formulation of
NES, as shown in Algorithm 3.

Algorithm 3: Canonical Natural Evolution Strategies
input: f , ✓init
repeat

for k = 1 . . .� do
draw sample zk ⇠ ⇡(·|✓)
evaluate the fitness f(zk)
calculate log-derivatives r✓ log ⇡(zk|✓)

end

r✓J  
1
�

P�
k=1r✓ log ⇡(zk|✓) · f(zk)

F 
1

�

�X

k=1

r✓ log ⇡ (zk|✓)r✓ log ⇡ (zk|✓)
>

✓  ✓ + ⌘ · F�1
r✓J

until stopping criterion is met

3. Performance and Robustness Techniques

In the following we will present and introduce crucial heuristics to improves NES’s perfor-
mance and robustness. Fitness shaping (Wierstra et al., 2008) is designed to make the algo-
rithm invariant w.r.t. arbitrary yet order-preserving fitness transformations (Section 3.1).
Adaptation sampling, a novel technique for adjusting learning rates online, is introduced in
Section 3.2.

In sections 3.3 and 3.4 we describe two crucial techniques to enhance performance of
the NES algorithm as applied to multinormal distributions: Exponential parameterization
guarantees that the covariance matrix stays positive-definite, and second, a novel method for
changing the coordinate system into a “natural” one is laid out, which makes the algorithm
computationally e�cient.

3.1 Fitness Shaping

NES uses rank-based fitness shaping in order to render the algorithm invariant under mono-
tonically increasing (i.e., rank preserving) transformations of the fitness function. For this
purpose, the fitness of the population is transformed into a set of utility values u1 � · · · � u�.
Let zi denote the ith best individual (the ith individual in the population, sorted by fitness,
such that z1 is the best and z� the worst individual). Replacing fitness with utility, the
gradient estimate of Equation (2) becomes, with slight abuse of notation,

r✓J(✓) =
�X

k=1

uk r✓ log ⇡(zk | ✓).

958

Limitations

• computational cost of computing F is O(d2) 

• F is subject to sampling errors for finite λ
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see details in
[Koutnik, Gomez, Schmidhuber: Evolving Neural Networks in Compressed Weight Space (2010)]
[Srivastava, Schmidhuber, Gomez: Generalized Compressed Network Search (2012)]

Problem

• search space is too high-dimensional to apply GA on large neural networks, e.g. 
greater than 1 million weights for a candidate in state of the art policy networks in RL

Idea

• view network’s weights as images and images can be compressed, e.g. jpg

• encode weight matrices in the frequency domain by sets of Fourier coefficients using 
the Discrete Cosine Transformation (DCT)

• compression is done by erasing high-frequency coefficients (like in lossy image 
compression)

• now, perform search in the lower-dimensional (compressed) search space (Fourier 
coefficients) to solve specific tasks, e.g. pole-balancing 

• this method can be seen as an inductive bias that the weights admit some intrinsic 
structure / pattern
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Inverse
DCT

Inverse
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Inverse
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(a)

(b)
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Fig. 1. DCT network representation. The left column shows three di↵erent types of
2D frequency-domain coe�cient arrays. The coe�cients are arranged along the second
diagonals, going from upper-left corner, to the bottom right corner. Each diagonal
is filled from the edges to the center starting on the side that corresponds to the
longer dimension. The right column shows the weight matrix resulting from applying
the inverse DCT transform; gray-scale levels denote the weight values (black = low,
white = high). In (a) all frequencies are present, so that all possible weight matrices
can be represented. (b) Shows a band-limited weight matrix where only the first four
coe�cients from (a) are used, as in [7]. The weights in (b) are more spatially correlated
than those in (a). (c) Shows a weight matrix encoded by a subset of frequencies from
(a). GCNS searches this space of coe�cient subsets (power set) of (a).

2 DCT Network Representation

The Discrete Cosine Transform (DCT) representation for neural networks, first

introduced in [8], encodes network weight matrices in the frequency domain by

using genomes of DCT coe�cients. The motivation is that if weights that are

near each other in the matrix are correlated, then the representation of the

matrix in the frequency domain should require fewer parameters (coe�cients
1
)

than the number of weights in the matrix, thereby reducing the dimensionality

of the search space.

In this paper, all of the networks are fully connected recurrent neural net-

works (FRNNs) with i inputs, and single layer of n neurons where some of the

neurons are treated as output neurons. An FRNN consists of three weight matri-

ces: an n⇥ i input matrix, I, an n⇥n recurrent matrix, R, and a bias vector t of
length n. These three matrices are combined into one n⇥ (n+ i+1) matrix, and

1 In this paper, we will use the terms ‘frequency’ and ‘coe�cient’ interchangeably. To
be precise, every frequency is associated with a coe�cient which expresses its energy
content.

index
ï7.38 ï3.98

784 0 12 7 12 45 0 97 5
5.65 1.87value ï2.32 6.52 ï12.1 2.10 3.46 ï5.4

`

Fig. 2. GCNS coe�cient genome. Each gene consists of two entries, the index of
the DCT coe�cient in the coe�cient array, and the value of the coe�cient. The same
index can appear more than once in the genome, and genomes have variable length, `.

encoded indirectly using c  N DCT coe�cients, where N is the total number

of weights in the network.

Figure 1 illustrates the relationship between the coe�cients and weights for a

hypothetical 4⇥6 weight matrix (e.g. a network with four neurons each with six

weights). The left side of the figure shows three weight matrix encodings that use

di↵erent coe�cients. Generally speaking, coe�cient ci is considered to be more

significant (associated with a lower frequency) than cj , if i < j. The right side of
the figure shows the weight matrices that are generated by applying the inverse

DCT transform to the coe�cients. In the first case (a), all 24 coe�cients are

used, so that any possible 4⇥6 weight matrix can be represented. The particular

weight matrix shown was generated from random coe�cients in [�20, 20]. In (b),

each ci has the same value as in (a), but the full set has been truncated up to the

first four lowest frequencies, favoring smoother matrices. This is the approach

taken in [7] where a limit frequency c` (c4 in the example) is specified by the

user, and genomes of length ` are evolved. In (c), the coe�cient matrix again

has only four non-zero coe�cients, but the coe�cients are not restricted to a

band-limited spectrum; they can be at any frequency. The genomes evolved by

GCNS search this less constrained space.

3 Generalized Compressed Network Search

Generalized Compressed Network Search (GCNS) attempts to simultaneously

find the number of coe�cients required to represent a high fitness network,

their indices (2D frequency), and their values. Variable size chromosomes are

used where each gene has two elements: the coe�cient index and the value (see

figure 2). The coe�cient index determines the position of the coe�cient in the

coe�cient matrix which is transformed into the network via the inverse DCT.

The overspecification problem (some genes can have multiple copies in the

genome) is handled as in messy genetic algorithms [2, 3]. If a coe�cient index

appears multiple times in a genome, only its first value, reading from left to

right, gets expressed in the phenotype. This results in an intra-chromosomal
dominance operator. The problem of underspecification (some of the frequencies

do not appear in a particular genome) elegantly resolves itself due to the nature

of the encoding: if a particular coe�cient number does not appear in the genome,

it is muted in the phenotype i.e. its value is taken to be zero.

GCNS starts with an initial parent population of size popsize with genomes

of variable lengths containing frequency indices and values randomly chosen in a

“chromosome”Fourier coefficient value
Fourier coefficient index

all frequencies are present, so that 
all possible weight matrices can be 
represented 

only the first four Fourier coefficients 
are used, weights are more spatially 
correlated than in (a)

shows a weight matrix encoded by 
a subset of frequencies from (a)

[Srivastava, Schmidhuber, Gomez: Generalized Compressed Network Search (2012)]
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Fig. 3. Cut and Splice. This schematic shows the e↵ect of application of the cut and
splice operators on a set of two parent genomes. In the case shown, only P1 gets cut
resulting in three chromosomes (strands S1, S2 and parent P2). Then splice is applied
with probability ps. If the first splice succeeds, then S1 gets spliced with P2, leaving
S2 as a separate genome. If first splice does not occur, another splice between S2 and
P2 can lead to the two children shown if it succeeds. If both splices do not succeed,
S1, S2 and P2 become the final children as shown. Similar possibilities exist for other
cases of the parents getting cut.

given range. At each generation, the child population is formed from the parent

population by applying the ‘cut’ and ‘splice’ operators in groups of two to ran-

domly chosen members from the parent population (without replacement). The

process of applying cut and splice is a generalization of the crossover operation

to the variable length genome case, and can yield one to four children from two

parents. First, it is determined whether one, both or none of the two parents

will be cut. The probability of cut is given by pc ⇤ (l � 1) where l is the length

of the genome and pc is a parameter. The location of the cut on a genome is

randomly chosen over its length. At this intermediate step, there are two to four

chromosomes present depending on the number of cuts that occur. The splice

operator then joins together pairs of chromosomes with probability ps, resulting
in either one (splice succeeds) or two (splice fails) children for each splice. Fig-

ure 3 shows the recombination of the parent genomes in an example scenario.

As shown, when only parent 1 is cut, three possible sets of children can result

after splicing. The other scenarios are handled similarly.

After cutting and splicing, mutation is applied to each coe�cient index (with

probability pmi) and value (with probability pmv ) by drawing new values from

Gaussian distributions centered at their current values and having fixed standard

deviations. The value of pmi is kept much lower than pmv so that new frequencies

are introduced only sporadically, allowing the algorithm to focus on refining the

selected coe�cients. In all our runs, the standard deviations were taken to be 5

and 10 for the indices and values, respectively.

After all the children have been evaluated, the best popsize members from

the combined parent and child populations are chosen as the parents for the next

generation. The algorithm terminates after the specified number of generations.

[Srivastava, Schmidhuber, Gomez: Generalized Compressed Network Search (2012)]



Evolutionary AlgorithmsR. Malm �77

Compressed Network Search
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(a)

5.0 -8.2

(b)

5.0 -8.2 3.8 4.1 -9.0

(c)

Figure 2: Mapping from DCT genotype to FRNN phenotypes. For each chromosome in the left column, three

di↵erent networks with di↵erent architectures are shown, instantiated with weights generated by applying the

inverse DCT. The potential complexity of the weight matrices increases with the number of DCT coe�cient

genes. The small squares in the networks denote input units, the circles are neurons. The thickness of a

connection (arrow) corresponds to the relative magnitude of its weight, and the weight is positive if the arrow

is dark (black) and negative if light (red).

Algorithm 1: CoSyNE(c,m, )

Initialize P = {P1, . . . , Pc}1

repeat2

for j=1 to m do3

xj  (x1j , . . . , xcj)4

network inverseDCT(xj, )5

Evaluate(network)6

end7

O Reproduce(P)8

for k=1 to l do9

xi,m�k  oik10

end11

for i=1 to c do12

Permute(Pi)13

end14

until solution is found15

genotype and that of the phenotype.) Each subpopulation
is initialized to contain m real numbers, xij = Pij 2 Pi, j =
1..m, chosen from a uniform probability distribution in the
interval [�↵, ↵]. The population is thereby represented by
an c⇥m matrix.

CoSyNE then loops through a sequence of generations un-
til a su�ciently good network is found (lines 2-15). Each
generation starts by constructing a complete chromosome

xj = (x1j , x2j , . . . , xcj) from each row in P. Each of the
m resulting chromosomes is transformed into a network by
first plugging its alleles into to the corresponding positions
in a coe�cient matrix (figure 3), and then applying the in-
verse Discrete Cosine Transform (line 5) to this matrix to
produce a weight matrix of size determined by the network
architecture,  .

After all of the networks have been evaluated (line 6) and
assigned a fitness, the top quarter with the highest fitness
(i.e. the parents) are copied (line 8) into a pool of o↵spring
O consisting of l new chromosomes ok, where oik = Oik 2

Oi, k = 1..l, and the o↵spring are then mutated. The weights
in each of the o↵spring chromosomes are then added to P

by replacing the least fit weights in their corresponding sub-
population (lines 9-11).

At this point the algorithm functions as a conventional
neuroevolution system that evolves complete network chro-
mosomes. In order to coevolve the coe�cients, the subpop-
ulations are permuted (lines 12-15) so that each coe�cient
forms part of a potentially di↵erent network in the next
generation. Permutation detaches the subpopulations from
each other by assigning new “collaborators” for each weight.

Permuting the subpopulations increases diversity by al-
lowing CoSyNE to sample networks that would not be gen-
erated through recombination alone. This means that which
weights are retained in the population from one generation
to the next is not determined only by which networks scored

[Koutnik, Gomez, Schmidhuber: Evolving Neural Networks in Compressed Weight Space (2010)]
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Example: TORCS (racing simulator)

• control race car to drive along a track using a visual stream from the driver's perspective
• policy has > 1 million weights, and reduces to 200 DCT coefficients (indirect encoding)
• searching the smaller space of DCT coefficients using evolution strategies is tractable
• evolve a recurrent neural network controller that can drive the car around a race track
• coefficients are evolved using Cooperative Synapse NeuroEvolution (64 population size)
• fitness scores roughly correspond to the distance traveled along the race track axis

[Koutnik et al: Evolving Large-Scale Neural Networks for Vision-Based TORCS (2013)]input images
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Figure 3: Decoding the compressed networks. The figure shows the three step process involved in trans-

forming a genome of frequency-domain coe�cients into a recurrent neural network. First, the genome (left)

is divided into k chromosomes, one for each of the weight matrices specified by the network architecture,  .

Each chromosome is mapped, by Algorithm 1, into a coe�cient array of a dimensionality specified by ⌦. In

this example, an RNN with two inputs and four neurons is encoded as 8 coe�cients. There are k = |⌦| = 3,
chromosomes and ⌦ = {3, 3, 2}. The second step is to apply the inverse DCT to each array to generate the

weight values, which are mapped into the weight matrices in the last step.

quency to the positions indicated by ind; the remaining po-
sitions are filled with zeroes. Finally, a Dm�dimensional
inverse DCT transform is applied to the array to generate
the weight values, which are mapped to their position in the
corresponding 2D weight matrix. Once the k chromosomes
have been transformed, the network is complete.

Figure 3 shows an example of the decoding procedure for
a fully-recurrent neural network (on the right) represented
by k = 3 weight matrices, one for the input layer weights,
one for the recurrent weights, and one for the bias weights.
The weights in each matrix are generated from a di↵erent
chromosome which is mapped into its own Dm-dimensional
array with the same number of elements as its corresponding
weight matrix; in the case shown, ⌦ = {3, 3, 2}: 3D arrays
for both the input and recurrent matrices, and a 2D array
for the bias weights.

In [7], the coe�cient matrices were 2D, so that the sim-
plexes are just the secondary diagonals; starting in the top-
left corner, each diagonal is filled alternately starting from
its corners. However, if the task exhibits inherent structure
that cannot be captured by low frequencies in a 2D layout,
more compression can potentially be gained by organizing
the coe�cients in higher-dimensional arrays [8].

3. VISUAL TORCS

The visual TORCS environment is based on TORCS ver-
sion 1.3.1. The simulator had to be modified in order to be
usable with vision. Figure 4 describes the software archi-
tecture schematically. At each time step during a network
evaluation, an image rendered in OpenGL is captured in the

car code (C++), and passed via UDP to the client (Java),
that contains the RNN controller. The client is wrapped
into a Java class that provides methods for setting up the
RNN weights, executing the evaluation, and returning the
fitness score. These methods are called from Mathematica
which is used to decode the compressed networks (figure 3)
and the evolutionary search.

The Java wrapper allows multiple controllers to be evaluated
in parallel in di↵erent instances of the simulator via di↵er-
ent UDP ports. This feature is critical for the experiments
presented below since, unlike the non-vision-based TORCS,
the costly image rendering, required for vision, cannot be
disabled. The main drawback of the current implementa-
tion is that the images are captured from the screen bu↵er
and, therefore, have to actually be rendered to the screen.

Other tweaks to the original TORCS include changing the
control frequency from 50 Hz to 5 Hz, and removing the 3-2-
1-GO waiting sequence from the beginning of each race. The
image passed in the UDP is encoded as a message chunk with
image prefix, followed by unsigned byte values of the image
pixels. Each image is decomposed into the HSB color space
and only the saturation (S) plane is passed in the message.

4. EXPERIMENTS

The goal of the task is to evolve a recurrent neural network
controller that can drive the car around a race track using
only vision. The challenge for the controller is not only to
interpret each static image as it is received, but also to retain
information from previous images in order to compute the
velocity of the car internally, via its feedback connections.

[Koutnik et al: Evolving Large-Scale Neural Networks for Vision-Based TORCS (2013)]

Decoding the compressed networks
• The genome is divided into k chromosomes, one for each of the weight matrices 

specified by the network architecture. 
• Each chromosome is mapped into a coefficient array of a specified dimensionality. In 

this example, an RNN with two inputs and four neurons is encoded as 8 coefficients.
• The next step is to apply the inverse DCT to each array to generate the weight values, 

which are mapped into the weight matrices in the last step. 
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[Koutnik et al: Evolving Large-Scale Neural Networks for Vision-Based TORCS (2013)]Figure 8: Evolved low-complexity weight matrices. Colors indicate weight value: orange = large positive;

blue = large negative. The frequency-domain representation enforces clear regularity on weight matrices

that reflects the regularity of the environment.
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 NEAT
Idea

• evolve neural networks using GA (NeuroEvolution of Augmented Topologies)

• main idea is that it is most effective to start evolution with small, simple networks and 

allow them to become increasingly complex over generations

• genotype consists of list of nodes (neurons) and connection weights (synapses)

• key aspects

• genetic encoding with historical markings

• speciation

• complexification

[Stanley et al: Efficient Reinforcement Learning through Evolving Neural Network Topologies (2002)]
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Genetic Encoding - NEAT
• variable-size chromosomes 

• connection gene: in-node, out-node, weight and status
• node gene: input (sensor), output or hidden node

• each gene carries innovation number which allows chromosomes to be lined up

• it is important to overlay two topologies for crossover

• each new connection gene has its own innovation number

Node 1
Sensor

Node 2
Sensor

Node 3
Sensor

Node 4
Output

Node 5
Hidden

In 1
Out 4
Weight 0.7
Enabled
Innov 1

In 2
Out 4
Weight−0.5
DISABLED
Innov 2

In 3
Out 4
Weight 0.5
Enabled
Innov 3

In 2
Out 5
Weight 0.2
Enabled
Innov 4

In 5 In 1 In 4
Out 4 Out 5 Out 5
Weight 0.4 Weight 0.6 Weight 0.6
Enabled Enabled Enabled
Innov 5 Innov 6 Innov 11

  

Genome (Genotype)
Node

Genes
Connect.

Genes

Network (Phenotype)

1 2 3
5

4

Figure 1: A Genotype to Phenotype Mapping Example. A
genotype is depicted that produces the shown phenotype. Notice
that the second gene is disabled, so the connection that it specifies
(between nodes 2 and 4) is not expressed in the phenotype.

Evolving structure incrementally presents several technical
challenges: (1) Is there a genetic representation that allows
disparate topologies to crossover in a meaningful way? (2)
How can topological innovation that needs a few genera-
tions to optimize be protected so that it does not disappear
from the population prematurely? (3) How can topologies
be minimized throughout evolution without the need for a
specially contrived fitness function that measures complex-
ity?

The NEAT method consists of solutions to each of these
problems as will be described below. The method is val-
idated on pole balancing tasks, where NEAT performs 25
times faster than Cellular Encoding and 5 times faster than
ESP. The results show that structure is a powerful resource
in NE when appropriately utilized.

2 NEUROEVOLUTION OF
AUGMENTING TOPOLOGIES (NEAT)

NEAT is designed to address the three problems with
TWEANNs raised in the Introduction. We begin by ex-
plaining the genetic encoding used in NEAT, and continue
by describing the components that specifically address each
issue.

2.1 GENETIC ENCODING

NEAT’s genetic encoding scheme is designed to allow cor-
responding genes to be easily lined up when two genomes
crossover during mating. Thus, genomes are linear repre-
sentations of network connectivity (figure 1). Each genome
includes a list of connection genes, each of which refers to
two node genes being connected. Each connection gene
specifies the in-node, the out-node, the weight of the con-
nection, whether or not the connection gene is expressed
(an enable bit), and an innovation number, which allows
finding corresponding genes (as will be explained below).

Mutation in NEAT can change both connection weights and
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Figure 2: The two types of structural mutation in NEAT.
Both types, adding a connection and adding a node, are illustrated
with the genes above their phenotypes. The top number in each
genome is the innovation number of that gene. The innovation
numbers are historical markers that identify the original historical
ancestor of each gene. New genes are assigned new increasingly
higher numbers.

network structures. Connection weights mutate as in any
NE system, with each connection either perturbed or not at
each generation. Structural mutations occur in two ways
(figure 2). Each mutation expands the size of the genome
by adding gene(s). In the add connection mutation, a sin-
gle new connection gene is added connecting two previ-
ously unconnected nodes. In the add node mutation an ex-
isting connection is split and the new node placed where the
old connection used to be. The old connection is disabled
and two new connections are added to the genome. This
method of adding nodes was chosen in order to integrate
new nodes immediately into the network.

Through mutation, the genomes in NEAT will gradually
get larger. Genomes of varying sizes will result, some-
times with completely different connections at the same
positions. How can NE cross them over in a sensible way?
The next section explains how NEAT addresses this prob-
lem.

2.2 TRACKING GENES THROUGH HISTORICAL
MARKINGS

It turns out that there is unexploited information in evolu-
tion that tells us exactly which genes match up with which
genes between any individuals in a topologically diverse
population. That information is the historical origin of each
gene in the population. Two genes with the same historical
origin must represent the same structure (although possibly
with different weights), since they are both derived from
the same ancestral gene from some point in the past. Thus,
all a system needs to do to know which genes line up with
which is to keep track of the historical origin of every gene
in the system.

[Stanley et al: Efficient Reinforcement Learning 
through Evolving Neural Network Topologies (2002)]
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Mutation - NEAT
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Figure 1: A Genotype to Phenotype Mapping Example. A
genotype is depicted that produces the shown phenotype. Notice
that the second gene is disabled, so the connection that it specifies
(between nodes 2 and 4) is not expressed in the phenotype.

Evolving structure incrementally presents several technical
challenges: (1) Is there a genetic representation that allows
disparate topologies to crossover in a meaningful way? (2)
How can topological innovation that needs a few genera-
tions to optimize be protected so that it does not disappear
from the population prematurely? (3) How can topologies
be minimized throughout evolution without the need for a
specially contrived fitness function that measures complex-
ity?

The NEAT method consists of solutions to each of these
problems as will be described below. The method is val-
idated on pole balancing tasks, where NEAT performs 25
times faster than Cellular Encoding and 5 times faster than
ESP. The results show that structure is a powerful resource
in NE when appropriately utilized.

2 NEUROEVOLUTION OF
AUGMENTING TOPOLOGIES (NEAT)

NEAT is designed to address the three problems with
TWEANNs raised in the Introduction. We begin by ex-
plaining the genetic encoding used in NEAT, and continue
by describing the components that specifically address each
issue.

2.1 GENETIC ENCODING

NEAT’s genetic encoding scheme is designed to allow cor-
responding genes to be easily lined up when two genomes
crossover during mating. Thus, genomes are linear repre-
sentations of network connectivity (figure 1). Each genome
includes a list of connection genes, each of which refers to
two node genes being connected. Each connection gene
specifies the in-node, the out-node, the weight of the con-
nection, whether or not the connection gene is expressed
(an enable bit), and an innovation number, which allows
finding corresponding genes (as will be explained below).

Mutation in NEAT can change both connection weights and
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Figure 2: The two types of structural mutation in NEAT.
Both types, adding a connection and adding a node, are illustrated
with the genes above their phenotypes. The top number in each
genome is the innovation number of that gene. The innovation
numbers are historical markers that identify the original historical
ancestor of each gene. New genes are assigned new increasingly
higher numbers.

network structures. Connection weights mutate as in any
NE system, with each connection either perturbed or not at
each generation. Structural mutations occur in two ways
(figure 2). Each mutation expands the size of the genome
by adding gene(s). In the add connection mutation, a sin-
gle new connection gene is added connecting two previ-
ously unconnected nodes. In the add node mutation an ex-
isting connection is split and the new node placed where the
old connection used to be. The old connection is disabled
and two new connections are added to the genome. This
method of adding nodes was chosen in order to integrate
new nodes immediately into the network.

Through mutation, the genomes in NEAT will gradually
get larger. Genomes of varying sizes will result, some-
times with completely different connections at the same
positions. How can NE cross them over in a sensible way?
The next section explains how NEAT addresses this prob-
lem.

2.2 TRACKING GENES THROUGH HISTORICAL
MARKINGS

It turns out that there is unexploited information in evolu-
tion that tells us exactly which genes match up with which
genes between any individuals in a topologically diverse
population. That information is the historical origin of each
gene in the population. Two genes with the same historical
origin must represent the same structure (although possibly
with different weights), since they are both derived from
the same ancestral gene from some point in the past. Thus,
all a system needs to do to know which genes line up with
which is to keep track of the historical origin of every gene
in the system.

• mutation operators: add connection, add node, perturb connection weight

• DIS = “disable”

• maintain mapping of mutations to innovation numbers

• disable connection 3->4
• add connection 3->6
• add connection 6->4

• add connection 3->5

[Stanley et al: Efficient Reinforcement Learning 
through Evolving Neural Network Topologies (2002)]
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Crossover - NEAT
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Figure 3: Matching Up Genomes for Different Network
Topologies Using Innovation Numbers. Although Parent 1 and
Parent 2 look different, their innovation numbers (shown at the
top of each gene) tell us which genes match up with which. Even
without any topological analysis, a new structure that combines
the overlapping parts of the two parents as well as their differ-
ent parts can be created. In this case the parents are equally fit
and the genes are inherited from both parents. Otherwise, the off-
spring inherit only the disjoint and excess genes of the most fit
parent.

Tracking the historical origins requires very little compu-
tation. Whenever a new gene appears (through structural
mutation), a global innovation number is incremented and
assigned to that gene. The innovation numbers thus repre-
sent a chronology of the appearance of every gene in the
system. As an example, let us say the two mutations in
figure 2 occurred one after another in the system. The new
connection gene created in the first mutation is assigned the
number , and the two new connection genes added during
the new node mutation are assigned the numbers and . In
the future, whenever these genomes mate, the offspring will
inherit the same innovation numbers on each gene; innova-
tion numbers are never changed. Thus, the historical origin
of every gene in the system is known throughout evolution.

The historical markings give NEAT a powerful new capa-
bility, effectively avoiding the problem of competing con-
ventions (Montana and Davis 1989; Radcliffe 1993; Schaf-
fer et al. 1992). The system now knows exactly which
genes match up with which (figure 3). When crossing over,
the genes in both genomes with the same innovation num-
bers are lined up. These genes are called matching genes.
Genes that do not match are either disjoint ( ) or excess

( ), depending on whether they occur within or outside the
range of the other parent’s innovation numbers. They rep-
resent structure that is not present in the other genome. In
composing the offspring, genes are randomly chosen from
either parent at matching genes, whereas all excess or dis-
joint genes are always included from the more fit parent,
or if they are equally fit, from both parents. This way, his-
torical markings allow NEAT to perform crossover using
linear genomes without the need for expensive topological
analysis.

By adding new genes to the population and sensibly mating
genomes representing different structures, the system can
form a population of diverse topologies. However, it turns
out that such a population on its own cannot maintain topo-
logical innovations. Because smaller structures optimize
faster than larger structures, and adding nodes and connec-
tions usually initially decreases the fitness of the network,
recently augmented structures have little hope of surviving
more than one generation even though the innovations they
represent might be crucial towards solving the task in the
long run. The solution is to protect innovation by speciat-
ing the population, as explained in the next section.

2.3 PROTECTING INNOVATION THROUGH
SPECIATION

Speciation is commonly applied to multimodal function
optimization and the coevolution of modular systems,
where its main function is to preserve diversity (Mahfoud
1995; Potter and De Jong 1995). We borrow the idea from
these fields and bring it to TWEANNs, where it protects in-
novation. Speciation allows organisms to compete primar-
ily within their own niches instead of with the population at
large. This way, topological innovations are protected in a
new niche where they have time to optimize their structure
through competition within the niche.

The idea is to divide the population into species such that
similar topologies are in the same species. This task ap-
pears to be a topology matching problem. However, it again
turns out that historical markings offer a more efficient so-
lution.

The number of excess and disjoint genes between a pair
of genomes is a natural measure of their compatibility.
The more disjoint two genomes are, the less evolutionary
history they share, and thus the less compatible they are.
Therefore, we can measure the compatibility distance of
different structures in NEAT as a simple linear combination
of the number of excess ( ) and disjoint ( ) genes, as well
as the average weight differences of matching genes ( ):

(1)

The coefficients, , , and , allow us to adjust the im-

• genes in both genomes 
with the same innovation 
number are lined up

• these genes are called 
matching genes

• genes that do not match 
are either disjoint or 
excess 

• matching genes are 
selected randomly for 
the offspring

• disjoint/excess genes 
are always included

[Stanley et al: Efficient Reinforcement Learning 
through Evolving Neural Network Topologies (2002)]
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Speciation - NEAT
Problem

• smaller networks optimise faster than larger networks, i.e. adding nodes and 
connections initially decrease the fitness, compared to just perturbing weights

• this prevents diversity/innovation of network topologies

Solution: Speciation

• divide population into species such that similar topologies are in the same species, and 
then perform competition within each species

• measure “compatibility distance” between two chromosomes (topologies) as a linear 
combination of the number of excess (E), disjoint (D) and the average weight 
differences of matching genes (W)

• N = number of genes in the larger genome, c1, c2, c3 are adjustable hyperparameters

• form a species if the distance of two networks is below a compatibility threshold

� =
c1 E

N
+

c2 D

N
+ c3 W
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Complexification - NEAT
Idea: start with simplest network and then incrementally grow structure

• first generation starts with population of network with identical topology

• minimal structure

• no hidden nodes

• possibly only one connection

• each network starts with random weights

• complexification is the process of introducing structure through add connection and 

add node mutations in an incremental process
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NEAT

Double Pole Balancing

• with velocity information

• 150 NEAT networks
• without velocity information

• 1000 NEAT networks

Method Evaluations Generations No. Nets
Ev. Programming 307,200 150 2048
Conventional NE 80,000 800 100
SANE 12,600 63 200
ESP 3,800 19 200
NEAT 3,578 24 150

Table 1: Double Pole Balancing with Velocity Informa-
tion. Evolutionary programming results were obtained by Sara-
vanan (1995). Conventional neuroevolution data was reported by
Wieland (1991). SANE and ESP results were reported by Gomez
(1999). NEAT results are averaged over 120 experiments. All
other results are averages over 50 runs. The standard deviation for
the NEAT evaluations is 2704 evaluations. Although standard de-
viations for other methods were not reported, if we assume similar
variances, all differences are statistically significant ( ),
except that between NEAT and ESP.

3.4 DOUBLE POLE BALANCING WITH
VELOCITIES

The criteria for success on this task was keeping both poles
balanced for 100,000 time steps (30 minutes of simulated
time). A pole was considered balanced between -36 and 36
degrees from vertical.

Table 1 shows that NEAT takes the fewest evaluations to
complete this task, although the difference between NEAT
and ESP is not statistically significant. The fixed-topology
NE systems evolved networks with 10 hidden nodes, while
NEAT’s solutions always used between 0 and 4 hidden
nodes. Thus, it is clear that NEAT’s minimization of di-
mensionality is working on this problem. The result is im-
portant because it shows that NEAT performs as well as
ESP while finding more minimal solutions.

3.5 DOUBLE POLE BALANCING WITHOUT
VELOCITIES

Gruau et al. introduced a special fitness function for this
problem to prevent the system from solving the task sim-
ply by moving the cart back and forth quickly to keep the
poles wiggling in the air. (Such a solution does not re-
quire computing the missing velocities.) Because both CE
and ESP were evaluated using this special fitness function,
NEAT uses it on this task as well. The fitness penalizes os-
cillations. It is the sum of two fitness component functions,

and , such that . The two functions
are defined over 1000 time steps:

(3)

if ,
otherwise. (4)

where t is the number of time steps the pole remains bal-
anced during the 1000 total time steps. The denominator

Method Evaluations Generalization No. Nets
CE 840,000 300 16,384
ESP 169,466 289 1,000
NEAT 33,184 286 1,000

Table 2: Double Pole Balancing without Velocity Information
(DPNV). CE is Cellular Encoding of Gruau (1996). ESP is En-
forced Subpopulations of Gomez (1999). All results are averages
over 20 simulations. The standard deviation for NEAT is 21,790
evaluations. Assuming similar variances for CE and ESP, all dif-
ferences in number of evaluations are significant ( ).
The generalization results are out of 625 cases in each simulation,
and are not significantly different.

in (4) represents the sum of offsets from center rest of the
cart and the long pole. It is computed by summing the ab-
solute value of the state variables representing the cart and
long pole positions and velocities. Thus, by minimizing
these offsets (damping oscillations), the system can maxi-
mize fitness. Because of this fitness function, swinging the
poles wildly is penalized, forcing the system to internally
compute the hidden state variables.

Under Gruau et al.’s criteria for a solution, the champion
of each generation is tested on generalization to make sure
it is robust. This test takes a lot more time than the fitness
test, which is why it is applied only to the champion. In
addition to balancing both poles for 100,000 time steps, the
winning controller must balance both poles from 625 dif-
ferent initial states, each for 1000 times steps. The number
of successes is called the generalization performance of the
solution. In order to count as a solution, a network needs
to generalize to at least 200 of the 625 initial states. Each
start state is chosen by giving each state value (i.e. , , ,
and ) each of the values 0.05, 0.25, 0.5, 0.75, 0.95 scaled
to the respective range of the input variable ( ).
At each generation, NEAT performs the generalization test
on the champion of the highest-performing species that im-
proved since the last generation.

Table 2 shows that NEAT is the fastest system on this
challenging task. NEAT takes 25 times fewer evaluations
than Gruau’s original benchmark, showing that the way in
which structure is evolved has significant impact on per-
formance. NEAT is also 5 times faster than ESP, showing
that structure can indeed perform better than evolution of
fixed topologies. There was no significant difference in the
ability of any of the 3 methods to generalize.

4 DISCUSSION AND FUTURE WORK

4.1 EXPLAINING PERFORMANCE

Why is NEAT so much faster than ESP on the more dif-
ficult task when there was not much difference in the eas-
ier task? The reason is that in the task without velocities,

[Stanley et al: Efficient Reinforcement Learning 
through Evolving Neural Network Topologies (2002)]
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 NEAT

[Stanley et al: Efficient Reinforcement Learning 
through Evolving Neural Network Topologies (2002)]

Figure 4: A NEAT Solution to the DPNV Problem. Node 2
is the angle of the long pole and node 3 is the angle of the short
pole. This clever solution works by taking the derivative of the
difference in pole angles. Using the recurrent connection to itself,
the single hidden node determines whether the poles are falling
away or towards each other. This solution allows controlling the
system without computing the velocities of each pole separately.
Without evolving structure, it would be difficult to discover such
subtle and compact solutions.

ESP needed to restart an average of 4.06 times per solu-
tion while NEAT never needed to restart. If restarts are
factored out, the systems perform at similar rates. NEAT
evolves many different structures simultaneously in differ-
ent species, each representing a space of different dimen-
sionality. Thus, NEAT is always trying many different
ways to solve the problem at once, so it is less likely to
get stuck.

Figure 4 shows a sample solution network that NEAT de-
veloped for the problem without velocities. The solution
clearly illustrates the advantage of incrementally evolving
structure. The network is a compact and elegant solution to
this problem, in sharp contrast to the fully-connected large
networks evolved by the fixed-topology methods. It shows
that minimal necessary structures are indeed found, even
when it would be difficult to discover them otherwise.

A parallel can be drawn between structure evolution
in NEAT and incremental evolution in fixed structures
(Gomez and Miikkulainen 1997; Wieland 1991). NE is
likely to get stuck on a local optimum when attempting to
solve a difficult task directly. However, after solving an
easier version of the task first, the population is likely to
be in a part of fitness space closer to a solution to a harder
task, allowing it to avoid local optima. This way, a difficult
task can be solved by evolving networks in incrementally
more challenging tasks. Adding structure to a solution is
analogous to this process. The network structure before the

Figure 5: Visualizing speciation. The fixed-size population is
divided into species, shown horizontally with newer species ap-
pearing at right. Time, i.e. evolution generations, are shown ver-
tically. The color coding indicates fitness of the species (lighter
colors are better). Two species began to close in on a solution
soon after the 20th generation. Around the same time, some of
the oldest species became extinct.

addition is optimized in a lower-dimensional space. When
structure is added, the network is placed into a more com-
plex space where it is already close to a solution. This pro-
cess is different from incremental evolution in that adding
structure is automatic in NEAT whereas the sequence of
progressively harder tasks must be designed by the experi-
menter, and can be a challenging problem in itself.

4.2 VISUALIZING SPECIATION

To understand how innovation takes place in NEAT, it is
important to understand the dynamics of speciation. How
many species form over the course of a run? How often do
new species arise? How often do species die? How large
do the species get? We answer these questions by depicting
speciation visually over time.

Figure 5 depicts a typical run of the double pole balancing
with velocities task. In this run, the task took 29 genera-
tions to complete, which is slightly above average. In the
visualization, successive generations are shown from top to
bottom. Species are depicted horizontally for each genera-
tion, with the width of each species proportional to its size
during the corresponding generation. Species are divided

• NEAT found a simple recurrent network
• using the recurrent connection to itself the single 

hidden node determines whether the poles are 
falling away or towards each other

• allows controlling the system without computing 
the velocities of each pole separately


